The Gateaux Derivative and Integral over Banach Algebra 



Aleks Kleyn 

Abstract. Let A be algebra over commutative ring D. Map / : ^4 — ^ A is 
linear if for any a, 6 G A and any c a D 

fo(a + b) = foa + fob 
f o (ca) = c / o a 
Map / : A — > j4 is called differentiable in the Gateaux sense, if 
f{x + a) - f{x) = df{x) oa + o{a) 

where the Gateaux derivative df{x) of map / is linear map of increment a and 
o is such continuous map that 

lim = 

a->0 \a\ 

For instance 

d(x'^) o h = xh + hx 
d{x~'^) oh = —x~^hx~^ 
Assuming that we defined the Gateaux derivative d^~^ f{x) of order n — 
l,we define 

d"f{x) o (ai ... <S) an) = d{d"^^ f{x) o (ai ® ... (g) a„_i)) o a„ 

the Gateaux derivative of order n of map /. When hi = ... = h„ = h, we 
assume 

d"fix) oh = d"f{x) o {hi (g) ... ig) h„) 
Function f{x) has Taylor series expansion 

oc 

fix) = ^(n!)-ia"/(xo)o(x-a;o) 

n-O 

Differential equation over division ring 

d{y) o h = hx^ + xhx + x^h 
2/(0) = 

has solution 

y = x^ 

The solution of differential equation 

d{y)oh = ^{yh + hy) 
y{0) = 1 

is exponent y = that has following Taylor series expansion 

oo 

e- = ^(n!)-lx" 

n = 

The equation 
is true iff ab = ba 
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1. Preface 

The possibility of linear approximation of mapping is at the heart of calculus and 
main constructions of calculus have their roots in linear algebra. Therefore, before 
we give the definition of the differentiable function, we need to have an idea of 
the mappings that we arc going to use to approximate the behavior of the original 
function. 

Since the product in the field is commutative, then linear algebra over a field is 
relatively simple. When we explore division ring where product is not commuta- 
tive, we still see some familiar statements of linear algebra; however, we meet new 
statements, which change the landscape of linear algebra. 

Here I want to draw attention to the evolution of the concept of the derivative 
from the time of Newton. When we study functions of single variable, the derivative 
in selected point is a number. When we study function of multiple variables, we 
realize that it is not enough to use number. The derivative becomes vector or 
gradient. When we study maps of vector spaces, this is a first time that we tell 
about derivative as operator. However since this operator is linear, then we can 
represent derivative as matrix. Again we express a vector of increment of function 
as product of a matrix of derivative (Jacobian matrix) over vector of increment of 
argument. 
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Surely, such behavior of derivative weakens our attention. When we consider 
objects which are more complex than fields or vector spaces, we still try to see an 
object which can be written as a factor before an increment and which docs not 
depend on the increment. 

The assumption that the derivative of the mapping / over algebra A is defined 
by equation 

(1.1) f{x + h)-f{x)=df{x)h + o{h) 

initially looks attractive. At first glance, such a definition satisfies the classical 
properties of derivative of mapping over field. However, in general, the product 
of differentiable functions is not differentiable function. It causes that the set of 
differentiablc functions is very small, and such theory of differentiation is not in- 
teresting. 

Since the algebra is a module over some commutative ring, there exist two ways 
to explore structures generated over the algebra.^ 

If the algebra is a free module, then we can choose a basis and consider all 
operations in the coordinates relative a given basis. Although the base can be 
arbitrary, we can choose the most simple basis in terms of algebraic operations. 
Beyond doubt, this approach has the advantage that we are working in commutative 
ring where all operations are well studied. 

Exploration of operations in algebra regardless of the chosen basis gives an op- 
portunity to consider elements of algebra as independent objects. However, non- 
commutativity of the product in the algebra is a source of a lot of difficulties on 
this way. 

The question arises as to whether there exists an alternative method if the defini- 
tion of derivative (1.1) restricts our ability to study infinitesimal behavior of map? 
The answer on this question is affirmative. We explore the calculus in algebra that 
is normed module. We know two types of derivative in normed space. Strong de- 
rivative or the Frechet derivative is analogue of the derivative (1.1). Besides strong 
derivative there exits weak derivative or the Gateaux derivative. The main idea is 
that differential may depend on direction. 

The algebra A is the module over commutative ring D. If we relax the definition 
of derivative and require that derivative of the mapping / is a linear mapping of 
the module A, then we see that at least polynomial in algebra A is differentiable 
mapping. Defined in this way the derivative has many properties of derivative of 
the mapping over field. Therefore, in algebra, because of the noncommutativity of 
multiplication differential of the function has terms of the form 

(1.2) adxb 

^To explore the differentiation in the algebra, there is one more method of studying. Con- 
sidering a certain set of functions, we can define differential operators acting on this set ([f], p. 
368). 

For instance, in the paper [1.3] , Ludkovsky considers differential operators dz and 9^ in Cayley 
- Dickson algebra such that 

dzz = 1 9^2 = 

dzZ = 9z2 = 1 

Considering given properties of differential operator, Ludkovsky study its structure. 

The exploration of differential operator from different points of view gives more deep knowl- 
edge and in the future I suppose to consider relation between different way of study theory of 
differentiation. 
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and we cannot write the differential of the mapping as a product of the derivative 
and the differential of the argument. 

Hamilton was first to explore the differential of mapping of quaternion algebra 
([11]). Apparently, his results appeared so out of the ordinary that his contempo- 
raries found it difficult to embrace this Hamilton's idea. Next generations forgot 
this research." 

The problem of inseparability of derivative and differential is so serious that 
when Gateaux defined weak differentiation, he considered a derivative only in case 
when he was able to separate increment of an argument as factor. 

However, how is this obstacle serious? Derivative is a mapping of differential of 
an argument to differential of function. In other words, derivative is some algorithm 
whose input is differential of argument and the output is the differential of function. 
If we consider functional notation for linear mapping, namely 

/ox = f{x) 

then we can formally separate the differential of the argument from the derivative 
and make a notation of the differential of function 

df{x){dx) 

more familiar, namely 

df{x) o dx 

Tensor product of algebras allows us to write the structure of derivative as operator. 

In addition, new notation allows us to simplify many expressions. For instance, 
an expression 

a,.o.p"(x), ,d,.,p{x) 



gets form 

df{x)o°dx -■ 



df{x){dx) = r_ 
^df\x)o°dx^ 
^dr{x)o°dxj 



dx^ 



-dx' 



dx^ 




/ dxA 



ax™ 9x™ / ^ ^ 

As in the case of mappings over the field, the differential of mapping over the 
algebra is polynomial of first power with respect to increment of argument. The 
structure of polynomial over division ring is different from structure of polynomial 
over field. I consider some properties of polynomial in section 5.2. Using obtained 
theorems I explore Taylor series expansion of map and method to find solution of 
differential equation. 



•^In the paper [14], Bertram explored the Gateaux derivative of mappings over the commutative 
ring. Since the product is commutative, then statements in the paper are close to statements of 
classical calculus. The derivative is defined as the mapping of the differential of the argument into 
the differential of the function. 
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2. Conventions 

Convention 2.1. Function and mapping are synonyms. However according to 
tradition, correspondence between either rings or vector spaces is called mapping 
and a mapping of either real field or quaternion algebra is called function. □ 

Convention 2.2. / assume sum over index s in expression like 

□ 

Convention 2.3. Let A be free finite dimensional algebra. Considering expansion 
of element of algebra A relative basis e we use the same root letter to denote this 
element and its coordinates. However we do not use vector notation in algebra. In 
expression a"^ , it is not clear whether this is component of expansion of element a 
relative basis, or this is operation a} — aa. To make text clearer we use separate 
color for index of element of algebra. For instance, 

a = a^e-i 

□ 

Convention 2.4. If free finite dimensional algebra has unit, then we identify the 
vector of basis eo with unit of algebra. □ 

Convention 2.5. //, in a certain expression, we use several operations which in- 
clude the operation o, then it is assumed that the operation o is executed first. Below 
is an example of equivalent expressions. 

f oxy = f{x)y f o (xy) = f{xy) 

f ox + y = f{x) + y f o (x + y) = f{x + y) 

□ 

Without a doubt, the reader may have questions, comments, objections. I will 
appreciate any response. 

3. Linear Mapping of Algebra 

3.1. Module. 

Theorem 3.1. Let ring D has unit e. Representation 
(3.1) f:D^*A 

of the ring D in an Abelian group A is effective iff a — follows from equation 
./(«) = 0. 

Proof. We define the sum of transformations / and g of an Abelian group according 
to rule 

{f + g)oa = foa + goa 
Therefore, considering the representation of the ring D in the Abelian group A, we 
assume 

/(a + b) o X ^ f{a) o x + f{b) o x 
We define the product of transformation of representation according to rule 

f{ab)^f{a)of{b) 
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Suppose a, b € R cause the same transformation. Then 

(3.2) f{a) o m ~ f{b) o m 

for any m G A. From the equation (3.2) it foUows that a ~ b generates zero 
transformation 

/(a — b) om = 

Element e+a—b generates an identity transformation. Therefore, the representation 
/ is effective iff a = 6. □ 

Definition 3.2. Let D be commutative ring. A is a module over ring D if A is 

an Abelian group and there exists effective representation of ring D in an Abelian 
group A. □ 

Definition 3.3. We call set of vectors e = {ei,i G /) a Uit-basis for module if 
vectors arc ZJ^-linearly independent and adding to this system any other vector 
we get a new system which is D*-linearly dependent. A is free module over ring 

D, ii A has basis over ring D.'^ □ 

Theorem 3.4. Let A be free module over ring D. Coordinates a-' of vector a & A 
are coordinates of D -valued contravariant tensor 

(3.3) = Aia'' 
Proof. Let e' be another basis. Let 

(3.4) e', = ejM 

be transformation, mapping basis e into basis e'. Because vector a does not change, 
then 

(3.5) a = eja'* = eja-' 
From equations (3.4) and (3.5) it follows that 

(3.6) eju^ =e'ia'' =ejA{a'' 

Because vectors ey are linear independent, then equation (3.3) follows from equation 
(3.6). Therefore, coordinates of vector are tensor. □ 

Following definition is consequence of definitions 3.2 and [3J-2.2.2. 

Definition 3.5. Let Ai be module over ring Ri. Let A2 be module over ring i?2- 
Morphism 

if : Ri^ R2,g:Ai^ A2) 
of representation of ring Ri in the Abelian group Ai into representation of ring R2 
in the Abelian group A2 is called linear mapping of i?i-module Ai into R2- 
module A2. □ 

Theorem 3.6. Linear mapping 

(/ : i?i ^ R2,g : A^ ^ A2) 



"^I follow to the definition in [1], p. 135. 
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of Ri -module Ai into R2-module A2 satisfies to equations'^ 

(3.7) go(a + b)^goa + gob 

(3.8) 9 ° ipa) ^ {f o p){g o a) 

(3.9) fo{pq)^{fop){foq) 

a, 6 G Ai p, g e Ri 

Proof. From definitions 3.5 and [3] -2. 2. 2 it follows that 

• the mapping / is a homomorphism of the ring Ri into the ring R2 (the 
equation (3.9)) 

• the mapping g is a homomorphism of the Abelian group Ai into the Abelian 
group A2 (the equation (3.7)) 

The equation (3.8) follows from the equation [3]-(2.2.3). □ 

According to the theorem [3J-2.2.18, in the study of linear mappings, without 
loss of generality, we Ccin assume R\ — R2- 

Definition 3.7. Let Ai and A2 be modules over the ring R. Morphism 

f:Ai^A2 

of representation of the ring D in the Abelian group Ai into representation of the 
ring D in the Abelian group A2 is called linear mapping of D-module Ai into 
£)-module A2. □ 

Theorem 3.8. Linear mapping 

f:Ai^A2 

of D-module Ai into D-module A2 satisfies to equations'' 

(3.10) fo{a + b)^foa + fob 

(3.11) f o {pa) ^ pif o a) 

a,b e Ai p e D 

Proof. From definition 3.7 and theorem [3J-2.2.18 it follows that the mapping g is a 
homomorphism of the Abelian group Ai into the Abelian group A2 (the equation 
(3.10)) The equation (3.11) follows from the equation [3]-(2.2.44). □ 



^In classical notation, proposed equations have quite familiar form 

g{a + b)= g(a) + g{b) 

aipa) = f{p)a{a.) 
fipg) = f{p)f{D 

a,b £ Ai p,q £ Ri 

'In classical notation, proposed equations have form 

f{a + b)=f{a) + f{b) 
f{pa) = pf{a) 

a,b& Ai D 

In some books (for instance, [1], p. 119) the theorem 3.8 is considered as a definition. 
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Definition 3.9. Let D be the commutative ring. Let Ai, An, S be D-modules. 
We call map 

/: ^1 X ... X An S 
polylinear mapping of modules Ai, An into module S, if 

/ o (ai, ...,aj + 6i, a„) = / o (ai, a;, ...,a„) + / o (ai, 6i, a„) 
/ o (ai, ...,pai, ...,a„) = pf o (ai, ...,ai, ...,a„) 

1 < i < n ai,bi E Ai p E D 

□ 

3.2. Algebra over Ring. 

Definition 3.10. Let D be commutative ring. Let A be module over ring D. 
For given bilinear mapping 

f:AxA-^A 

wc define product in A 

(3.f2) ab^fo{a,b) 

A is a algebra over ring if ^ is Z?-modulc and we defined product (3.12) in A. 
Algebra A* is called tiie opposite algebra to algebra A if we define a product 
in the module A according to rule*' 

ha ~ f o (a, b) 

If A is free D-module, then A is called free algebra over ring D. □ 
Remark 3.11. Algebra A and opposite algebra coincide as modules. □ 
Tiieorem 3.12. The multiplication in the algebra A is distributive over addition. 
Proof. The statement of the theorem follows from the chain of equations 

(a + b)c = f o (a + b, c) = f o [a, c) + f o {b, c) = ac + be 
a{b + c) = / o (a, 6 + c) = / o (a, &) + / o (a, c) = ab + ac 

□ 

The multiplication in algebra can be neither commutative nor associative. Fol- 
lowing definitions are based on definitions given in [10], p. 13. 

Definition 3.13. The commutator 

[a, b\ = ab — ba 

measures commutativity in _D-algebra A. D-algebra A is called commutative, if 

[a, 5] = 

□ 

Definition 3.14. The associator 

(3.13) ia,b,c) ^ {ab)c-a{bc) 

measures associativity in D-algebra A. D-algebra A is called associative, if 

(a, b,c) = 

□ 

''I made the definition by analogy with the definition [5]-2, p. 2. 
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Theorem 3.15. Let A be algebra over commutative ring D 7 
(3.14) a{b, c, d) + (a, 6, c)d = {ab, c, d) — (a, be, d) + (a, b, cd) 

for any a, b, c, d £ A. 

Proof. The equation (3.14) follows from the chain of equations 
a(b, c, d) + (a, b, c)d = a{{bc)d — b{cd)) + {{ab)c — a{bc))d 

= a{{bc)d) - a{b{cd)) + {{ab)c)d - {a{bc))d 
= {{ab)c)d ~ {ab){cd) + {ab){cd) 
+ a{{bc)d) - a{b{cd)) - {a{bc))d 

= {ab, c, d) ~ {a{bc))d + a{{bc)d) + {ab){cd) - a{b{cd)) 
= [ab, c, d) — (a, (&c), d) + (a, 6, cd) 



□ 



Definition 3.16. The set^ 

N{A) {a G A : Vfe, c e A, (a, &, c) = (6, a, c) = (6, c, a) = 0} 

is called the nucleus of an ZJ-algebra A. □ 

Definition 3.17. The set^ 

Z{A) = {a e A : a e N{A),yb G A, a6 = ba} 

is called the center of an D-algebra A. □ 

Theorem 3.18. Let D be commutative ring. If D- algebra A has unit, then there 
exits an isomorphism f of the ring D into the center of the algebra A. 

Proof. Let e € Ahc the unit of the algebra A. Then f o a = ae. □ 

Let e be the basis of free algebra A over ring D. If algebra A has unit, then we 
assume that eo is the unit of algebra A. 

Theorem 3.19. Lete be the basis of free algebra A over ring D. Let 

a = a*e,' b = V ei a,b £ A 
We can get the product of a, b according to rule 

(3.15) {abf = C^ja^V 

where C^ j are structural constants of algebra A over ring D. The product 
of basis vectors in the algebra A is defined according to rule 

(3.16) eiCj = G%eu 

Proof. The equation (3.16) is corollary of the statement that e is the basis of the 
algebra A. Since the product in the algebra is a bilinear mapping, then we can 
write the product of a and b as 

(3.17) ab = a^VciCj 



■^The statement of the theorem is based on the equation [10]-(2.4). 
^The definition is based on the similar definition in [10] , p. 13 
''The definition is based on the similar definition in [10] , p. 14 
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From equations (3.16), (3.17), it follows that 
(3.18) ah=a'VC^jek 

Since e is a basis of the algebra A, then the equation (3.15) follows from the equation 

(3.18) . □ 

Theorem 3.20. Since the algebra A is commutative, then 

(3.19) c'f.=cj^ 

Since the algebra A is associative, then 

(3.20) Cf.C'pu=ClCf, 

Proof. For commutative algebra, the equation (3.19) follows from equation 

For associative algebra, the equation (3.20) follows from equation 

{eiej)ek = ei{ejek) 

□ 

3.3. Linear Mapping of Algebra. Algebra is a ring. A mapping, preserving the 
structure of algebra as a ring, is called homomorphism of algebra. However, the 
statement that algebra is a module over a commutative ring is more important for 
us. A mapping, preserving the structure of algebra as module, is called a linear 
mapping of algebra. Thus, the following definition is based on the definition 3.7. 

Definition 3.21. Let Ai and A2 be algebras over ring D. Morphism 

f : Ai^ A2 

of the representation of the ring D in the Abelian group Ai into the representation 
of the ring D in the Abelian group A2 is called linear mapping of Z3-algebra Ai 
into I?-algebra A2. Let us denote £(j4i; A2) set of linear mappings of algebra 
Ai into algebra A2. □ 

Theorem 3.22. Linear mapping 

/ : Ai ^ A2 

of D -algebra Ai into D-algebra A2 satisfies to equations 

f o [a + b) — foa + fob 

(3.21) <( f o (pa) ^pf oa 

a,b e Ai p e D 

Proof. The statement of theorem is a corollary of the theorem 3.8. □ 
Theorem 3.23. Consider D-algebra Ai and D-algebra A2. Let map 

f:Ai^A2 

be linear map. Then maps af , fb, a, b Cz A2, defined by equations 

{af) o X ~ a f o X 
{fb) o X = f o X b 

are linear. 
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Proof. Statement of theorem follows from chains of equations 

(a/) o{x + y)^afo{x + y) = a{fox + foy)=afox + afoy 
= {af) OX+ [af) o y 
(a/) o (px) =a f o [px) ~ ap f o X = pa f o X 
^p (af) o X 

(fb) o (x + y) =f o [x + y) 6 = {f o x + f o y) b = foxb + foyb 
= Ub)ox+{fb)oy 
ifb) o (px) o (px) b=p f ox b 
=p [fb) o X 

□ 

Theorem 3.24. Consider D- algebra Ai and D- algebra A2. Let map 

be linear map. Then f o ~ 0. 
Proof. Corollary of equation 

/(a + 0) = /(a) + /(O) 

□ 

3.4. Polylinear Mapping of Algebra. 

Definition 3.25. Let D be the commutative associative ring. Let Ai, An be 
ZJ-algebras and S be ZJ-module. We call map 

/: ^1 X ... X An S 

polylinear mapping of algebras Ai, An into module S, if 

/ o (ai, ...,aj + bi, ...,a„) = / o (ai, ...,0^, ...,a„) + / o (ai, ...,a„) 

f o {ai, ...,pai, ...,an) = pf o {ai, ...,ai, ...,an) 

1 < i < n fli , 6i 6 j4,; p E D 

Let us denote C{Ai, A„; S) set of polylinear mappings of algebras Ai, An 
into module S. Let us denote C{A";S) set of ??-linear mappings of algebra A 
(Ai = ... = An = A) into module 5'. □ 

Theorem 3.26. Let D be the commutative associative ring. Let Ai, An be D- 
algebras and S be D-module. Let mappings 

f : Ai X ... -K An ^ S 

g : Ai X ... X An ^ S 

be polylinear mappings. Then mapping f + g defined by equation 

if + 9) ° (ai, ■.■,««) = / o (ai, ...,a„) +go (ai, ...,a„) 

is polylinear. 
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Proof. Statement of theorem follows from chains of equations 

if + 9)° {xi,...,Xi + yi, ...,Xn) 

=/ o {xi, ...,Xi + Tji, ...,x„) + go {xi, ...,Xi + yi, ...,Xn) 

= /o {xi,...,X^,...,Xn) + f O {xi,...,yi,...,Xn) 

+go {xi,...,Xi,...,Xn) + 50 {xi,...,yi,...,x„) 

= {f +9) ° {xi,...,Xi,...,Xn) + if + g) O {Xl, ...,yi,...,Xn) 

(/ +5) ° {xi,...,pXi, ...,Xn) 
= / O {xi, ...,pxt, ...,x„) + go {xi, ...,pXi, ...,Xn) 
=pf O {xi,...,Xi,...,X„) +pgo {xi,...,Xi,...,Xn) 

^p{f o {xi, ...,Xt, ...,x„) + go{xi, ...,Xi, ...,x„)) 
=p{f + 9)° {xi, ■■■,Xi, ...,a;„) 



□ 



Corollary 3.27. Consider algebra Ai and algebra A2. Let mappings 

f -.Ai^ A2 
g : Ai ^ A2 

be linear mappings. Then mapping f + g defined by equation 

{f + g)oa = foa + goa 
is linear. □ 

Theorem 3.28. Let D be the commutative associative ring. Let Ai, An be D- 
algcbras and S be D-module. Let mapping 

f : Aix ...X An S 

be polylinear mapping. Then mapping pf , p €z D, defined by equation 

{P.f) ox^p f ox 

is polylinear. This holds 

p{qf) = (to)/ 

{p + q)f=pf + qf 
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Proof. Statement of theorem follows from chains of equations 
(pf) ° {xi, ■■■,Xi + yi, ...,Xn) =P f o (xi, ...,x^ + yi, ...,x„) 

=P if O {xi,...,X„...,Xn) + f O {xi,...,yi,...,Xn)) 
=P f O {xi, ...,Xn)+P f O {Xi,...,yi, ...,Xn) 

= {pf) O {xi,...,Xi, ...,Xn) + (pf) O (xi, ...,yi, ...,Xn) 

{pf) o {xi, ...,qxi, ...,Xn) =P f o {xi, ....qxi, ...,a;„) = pq f o (xi, ...,a;„) 
=qp f o {xi, ...,Xn) = q (pf) o {xi, ...,Xn) 
{p{q.f))°{xi,...,Xn) =P (g/) o (xi,...,a;„) =p{q / o (xi, a;„)) 
= {pq) f o {xi,...,Xn) = {{pq)f) o {xi,...,Xn) 

{iP+q)f) ° {xi,...,Xn) ^{p + q) f O {xi,...,Xn) 

=P f O {xi,...,Xn) + q f O {xi,...,Xn) 
= {pf) ° {Xl, ■■■,Xn) + (qf) o {xi, ...,X„) 

□ 

Corollary 3.29. Consider algebra Ai and algebra A2. Let mapping 

f -.Ai^ A2 

be linear mapping. Then mapping pf , p Cz D, defined by equation 

{pf) ox^p f ox 

is linear. This holds 

p{qf) = {pq)f 

{p + q)f=pf + qf 

□ 

Theorem 3.30. Let D be the commutative associative ring. Let Ai, An be D- 

algebras and S be D-module. The set C{Ai, j4„; S) is a D-module. 

Proof. The theorem 3.26 determines the sum of polylinear mappings into D-module 
5. Let f , g, h ^ C{Ai,...,A2\S). For any a = (ai, a„), ai £ Ai, a„ £ 

if + g) ° ci =f oa + goa — goa + foa 

={g + f)°a 

((/ + g) + h) o a =(/ + g)oa + hoa = {foa + goa) + hoa 
o a + (g o a + h o a) = f o a + [g + h) o a 
=(/ + (.9 + h))oa 
Therefore, sum of polylinear mappings is commutative and associative. 
The mapping z defined by equation 

z o a — 

is zero of addition, because 

{z + f)oa = zoa + foa = + foa = foa 
For a given mapping / a mapping g defined by equation 

g o a = — f o a 
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satisfies to equation 

f + g = z 

because 

{f~\-g)oa — foa + goa = foa — foa = Q 

Therefore, the set A2) is an Abehan group. 

From the theorem 3.28, it follows that the representation of the ring D in the 
Abelian group C{Ai, A„; S) is defined. Since the ring D has unit, then, accord- 
ing to the theorem 3.1, specified representation is effective. □ 

Corollary 3.31. Let D be commutative ring with unit. Consider D-algebra Ai 
and D-algebra A2. The set C{Ai; A2) is an D-module. □ 

3.5. Algebra C{A;A). 

Theorem 3.32. Let A, B , C be algebras over commutative ring D. Let f be linear 
mapping from D-algebra A into D-algebra B . Let g be linear mapping from D- 
algebra B into D-algebra C . The mapping g o f defined by diagram 



(3.22) 




is linear mapping from D-algebra A into D-algebra C . 
Proof. The proof of the theorem follows from chains of equations 
(,9 ° /) ° (a + ^) = .9 ° (./ o (a + b)) = g o {f o a + f o b) 

^ g o [f o a) + g o [f ob) = [g o f) o a + [go f) ob 
{9° f)° (pa) = 3 o (/ o (pa)) ^ g o {p f o a) ^ p g o {f o a) 
= P {9° .f)°a 

□ 

Theorem 3.33. Let A, B, C be algebras over the commutative ring D. Let f be 
a linear mapping from D-algebra A into D-algebra B. The mapping f generates a 
linear mapping 

(3.23) f* -.geCiB-O^gof eC{A-C) 



(3.24) 
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Proof. The proof of the theorem follows from chains of equations^" 

((51 + 52) o /) o a = (.91 + 92) o (/ o a) = 51 ° (/ ° a) + 52 o (/ o a) 
= {91 ° f) ° a + (.92 ° .f)oa 
= {91° f + 92° f) oa 
{{pg) ° f)°a^ ijpg) ° if ° a) ^ p g o {f o a) = p (g o f) o a 
= {p{9° f)) °a 

□ 

Theorem 3.34. Let A, B, C be algebras over the commutative ring D. Let g be 
a linear mapping from D-algebra B into D-algebra C . The mapping g generates a 
linear mapping 

(3.27) g.:feC{A-B)^gofeC{A-C) 

(3.28) B 

f / \a 

90/ 

Proof. The proof of the theorem follows from chains of equations^^ 
(5 ° ifi + .h)) oa = go ((/i + /2) o a) = .g o (/i o a + /2 o a) 

= .9 o (/i o a) + 5 o (/2 o a) = (g o /i) o a + (5 o /2) o a 
= (.9 o /i + .9 ° /2) o a 
{9 ° [pf)) 00 = 50 {{pf) oa) ^ go{p {f oa)) ^p go{f oa) 
==P (5°/)°a== {p{9°f))°a 

□ 

Theorem 3.35. Let A, B, C be algebras over the commutative ring D. The 
mapping 

(3.31) o : (.9, /) e C{B- C) x C{A- B) ^ g o f e C{A; C) 

is bilinear mapping. 

Proof. The theorem follows from theorems 3.33, 3.34. □ 



^"We use following definitions of operations over mappings 

(3.25) {f + g)oa = foa + goa 

(3.26) {pf)oa = pfoa 

^^We use following definitions of operations over mappings 

(3.29) {f + g)oa = foa + goa 

(3.30) {pf)oa = pfoa 
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Theorem 3.36. Let A be algebra over commutative ring D. D-module C{A]A) 
equiped by product 

(3.32) o : {g, /) G C{A; A) x C{A; A) ^ g o f e £{A; A) 

is alqebra over D . 



Proof. The theorem follows from definition 3.10 and theorem 3.35. □ 
3.6. Tensor Product of Algebras. 

Definition 3.37. Let Ai, An be free algebras over commutative ring D}^ 
Let us consider category A whose objects are polylinear over commutative ring D 
mappings 

/: ^1 X ... X An ^ Si g ■■ Aix ... X A^ ^ S2 

where Si, S2 are modules over ring D, We define morphism / — >■ 5 to be linear over 
commutative ring D mapping h : Si ^ S2 making diagram 




g 

commutative. Universal object Ai®...^An of category A is called tensor 
product of algebras Ai, An. □ 

Definition 3.38. Tensor product 

= ^1 ® ... ® yl„ Ai = ... = An = A 

is called tensor power of algebra A. □ 

Theorem 3.39. There exists tensor product of algebras. 

Proof. Let M be module over ring D generated by product Ai x ... x An of D- 
algcbras Ai, An- Injection 

i : Ai X ... X An ^ M 

is defined according to rule 

(3.33) io {di,...,dn) = {di,...,dn) 

Let C M be submodule generated by elements of the following type 

(3.34) (di, + ...,dn) - (c?i, ...,dn) - (c?i, ...,Cj, ...,d„) 

(3.35) (di, ...,adi, ...,d„) - a(di, d^, d„) 
where di Cz Ai, Ci Ai, a G D. Let 

j : M ^ M/N 



^1 give definition of tensor product of Z)-algebras following to definition in [1], p. 601 - 603. 
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be canonical mapping on factor module. Consider commutative diagram 



(3.36) 




M/N 



Ai X ... X An 



Since elements (3.34) and (3.35) belong to kernel of linear mapping j, then, from 
equation (3.33), it follows 

(3.37) / o (di, ...,di + c, ...,dn) =f o {di,...,di, ...,dn) + f o (di, ...,Ci, ...,d„) 

(3.38) /o {di,...,adi,...,dn) =a f o (di, d^, d„) 

From equations (3.37) and (3.38) it follows that mapping / is polylinear over ring 
D. Since M is module with basis Ai x ... x A„, then, according to theorem [1]-4.1 
on p. 135, for any module V and any polylinear over D map 

g : Aix ... X A^ V 

there exists a unique homomorphism k : AI ^ V., for which following diagram is 
commutative 



Ai X ... X An 




(3.39) 



Since g is polylinear over D, then ker k C N. According to statement on p. 
[1]-119, map j is universal in the category of homomorphisms of vector space M 
whose kernel contains N. Therefore, we have homomorphism 

h : M/N V 

which makes the following diagram commutative 
(3.40) M/N 



M 



V 

We join diagrams (3.36), (3.39), (3.40), and get commutative diagram 
(3.41) M/N 



Ai X ... X An 




Since Im/ generates M/N, then map h is uniquely determined. 



□ 
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According to proof of theorem 3.39 

Ai (g) ... (g) A„ = M/N 

If di G Ai, we write 

(3.42) j o (di,...,d„) = rfi ® ... (8)d„ 

Theorem 3.40. Let Ai, An be algebras over commutative ring D. Let 
/ : Ai X ... X An Ai® ... (g) An 

be polylinear mapping defined by equation 

(3.43) f o{di,...,dn) = di® ...®dn 
Let 

g : Ai X ... X An V 
be polylinear mapping into D-module V . There exists an D-linear mapping 

h: Ai® An -4 V 

such that the diagram 

(3.44) Ai®...®An 

f 

Ai X ... X A 




is commutative. 

Proof. Equation (3.43) follows from equations (3.33) and (3.42). An existence of 
the mapping h follows from the definition 3.37 and constructions made in the proof 
of the theorem 3.39. □ 

We can write equations (3.37) and (3.38) as 
ai ® ... ® (Qi + bi) ® ... ® On 

(3.45) 

=ai ® ... ® tti® ... ®an + ai® ... ®bi® ... ® a„ 
(3.46) ai ® ... ® (cfli) ® ... ® On = c(ai ® ... ® at ® ... ® a„) 

a, eAi h^A, ce D 

Theorem 3.41. Let A be algebra over commutative ring D. There exists a linear 
mapping 

h: a®beA®A^abeA 



Proof. The theorem is corollary of the theorem 3.40 and the definition 3.10. □ 
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Theorem 3.42. Tensor product Ai ® ... <S5 An of free finite dimensional algebras 
Ai, An over the commutative ring D is free finite dimensional algebra. 

Let Ci be the basis of algebra Ai over ring D. We can represent any tensor 
a G Ai (E) ■■■ 'Si An in the following form 

(3.47) a = o*i---'"ei.,;i ... (8)e„.i„ 
Expression is called standard component of tensor. 

Proof. Algebras Ai, An are modules over the ring D. According to theorem 
3.39, Ai (g) ... dg) A„ is module. 
Vector Oi £ Ai has expansion 

ai = af Ci.fe 

relative to basis e^. From equations (3.45), (3.46), it follows 

ai ... (g) a„ = a^\..a^"ei.i^ (g) ... (g) en-i„ 

Since set of tensors ai (g ... (x) a„ is the generating set of module ... (g) An, then 
we can write tensor a G Ai g) ... (g An in form 

(3.48) a = a^'as.Y ...a^.'^^ei-i^ g) ... g) e„.i„ 
where a'*, a^.*^, Og.^" S F. Let 

(3.49) a'as.i'.-.as.^ =a'^-'- 

Then equation (3.48) has form (3.47). 

Therefore, set of tensors ei.i^ g) ... g) e„.i^ is the generating set of module Ai g) 
... g) An- Since the dimension of module Ai, i = 1, n, is finite, then the set of 
tensors ei-i^ g) ... ®en-i„ is finite. Therefore, the set of tensors ei.^^ g) ... g) e„.i,^ 
contains a basis of module g) . . . g) A„ , and the module Ai® ...®An is free module 
over the ring D. 

We define the product of tensors like ai g) ... g) a„ componentwise 

(3.50) [di g) ... g) d„)(ci g) ... g) c„) = (dici) g) ... g) ((i„c„) 

In particular, if for any i, i ~ \, n, e has inverse, then tensor 

(ai g) ... g) a„)"^ = (ai)^^ «) ... g) (a„)"^ 
is inverse tensor to tensor 

ai g) ... g) a„ e Ai g) ... g) A„ 
The definition of the product (3.50) agreed with equation (3.46) because 
(ai g) ... g) (cai) g) ... g) a„)(6i g) ... g) 6^ g) ... g) 6„) 
=(ai6i) g) ... g) (cai)bi g) ... gi (a„6„) 
=c((ai6i) g) ... g) (fli^i) g) ... g) (a„&„)) 
=c((ai g) ... g) a„)(6i g) ... gi bn)) 
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The distributive property of multiplication over addition 
(ai ... ® tti ® ... ® a„) 
*{{bi (g) ... (g)bi(E) ... ® bn) + (bi (E) ... (» q (g) ... (g) 6„)) 

= {ai (g) ... (g) Oi (g ... (g a„)(6i ® ... g) (6i + g) ... (g 6„) 

= (ai6i) g) ... g) (aj(6^ + a)) g) ... g) (a„6„) 
(3.51) =(aifoi) g) ... g) {a^bi + aid) g) ... g) (a„6„) 

= (ai5i) g) ... g) (a^foj) g) ... g) (a„6„) 

+ (ai6i) g) ... g) {aid) g) ... g) (a„fe„) 

= {ai g) ... g) Oi g) ... (g a„)(6i (g ... ®bi® ... g) 6„) 

+ («! g) ... g) g) ... g) a„)(6i g) ... g) Ci g) ... g) bn) 

follows from the equation (3.45). The equation (3.51) allows us to define the product 
for any tensors a, b. □ 

Remark 3.43. According to the remark 3.11, we can define different structures of 
algebra in the tensor product of algebras. For instance, algebras Ai® A2, Ai® 
A\ g) A2 are defined in the same module. □ 

Theorem 3.44. Letei be the basis of the algebra Ai over the ring D. Let Bi.-'f^^ be 
structural constants of the algebra Ai relative the basis e^. Structural constants of 
the tensor product Ai g) ... g) An relative to the basis ei.i^ g) ... g) en-i„ have form 

Proof. Direct multiplication of tensors ei.i^ (g ... ®en-i^ has form 
(ei.fei g) ... g) e„.fc„)(ei.ii g) ... gie„.;„) 
=(ei.fciei.; J g) ... g) (e„.fc„e„.;,J 

(3.53) =(ei.feiei.j J g) ... g) (e„.fc„e„.j„) 

= {Ci.^^i,'^i.j,) ® ... (g (C„.i;,^J„.,„) 

=C'i-l\i^-Cn-^kliJiji - ® e„.j„ 
According to the definition of structural constants 

(3.54) (ei.fci g) ... g) e„.fc„)(ei.;i g) ... g)e„.(„) = C'.'^^^'.'.'.i" (ei.j^ g) ... g>e„.j„) 
The equation (3.52) follows from comparison (3.53), (3.54). 
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From the chain of equations 

(ai ... (X) a„)(6i (g) ... (g) bn) 

= (a^ei.fci ... a5;"e„.fc„)(6i^ei.j, ... «) 6^"e„.j,J 

=ai\..a^"6i\..&^"(ei.fe, ... (g e„.fc„)(ei.,, «) ... e„.,„) 

=a^...a^6^..&i"C.■f;;i".^^...,^(el.,•, ... <ge„.,J 

=a^...a^6^..&i"^7l.i;;^ ...Cn.i^^^Cei.,-, 0...®e„.j„) 

= {a'l^b[^ C,.i\i^e,.^J ... (a^6^"C„.i;,„e„.,•J 

=(ai&i) ig ... (g (a„&„) 

it follows that definition of product (3.54) with structural constants (3.52) agreed 
with the definition of product (3.50). □ 



'-"■feT..fc„.J]...I 



a 



Theorem 3.45. For tensors a, b E Ai 
satisfy to equation 

(3.55) {aby^-^ 
Proof. According to the definition 

(3.56) ab — {aby^'"-'^e\.j^ ® ... e„.j„ 
At the same time 

ab= a'=i---'="ei.fcj ® ... » e„.fc„6''i---''"ei.j, (g 

(3.57) . . 

The equation (3.55) follows from equations (3.56), (3.57). 



An, standard components of product 



□ 



Theorem 3.46. // the algebra Ai, i = 1, n, is associative, then the tensor 
product Ai ® ... g) An is associative algebra. 



Proof. Since 



((ei.il ■■■ e„.i„)(ei.jj (g ... g) e„.j„))(ei.fcj (g ... (g e„.fe„) 
=((ei-iiei.ji) g) ... g) (e„.i„ei.j„))(ei.fei g) ... g) e„.fc,J 
=((eiiiei 
=(eiii(ei 
=(ei-ii ® 
=(ei-ii ® 



jjei.fcj g) ... g) ((e„.i„ei.j„)ei.fe„) 
iiei.fcj) g) ... g) (e„.i„(ei.j„ei.fc„)) 
•■ ® e„.i,J((ei.-,-iei.fcJ g) ... g) (ei.j„ei.fc„)) 



then 



® e„.i„)((ei.jj 



(a6)c=a*^-*"6^'^-^"c'=^-'=" 

((ei-ii (g ... gi e„.i„)(ei.ji g) 



J(ei.fc, (g ... g) e„.fc,J) 



(ei-n 
-a{bc) 



g ... g) e„.i„)((ei. 



en.j„))(ei.fci g) ... gi e„.fc„) 



' en-i,J(ei.fci g) ... g) e„.fc„)) 



□ 
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3.7. Linear Mapping into Associative Algebra. 

Theorem 3.47. Consider D -algebras Ai andA2. For given mapping f <E C{Ai; A2) , 
the mapping 

g:A2xA2^ C{Ai] A2) 
g{a, h)o f = afb 

is bilinear mapping. 

Proof. The statement of theorem follows from chains of equations 
((ai + 02) fb) o X- = (oi + 02) f o X b — ai f o x b + 02 f o x b 
~ (o-ifb) o X + (02/6) ox — (ai/6 + 02/6) o X 
((j)a)fb) o X ~ (pa) f o X b — p{a f o x b) ~ p{{afb) o x) ~ {p{afb)) o x 
{af{bi + 62)) o X = a f o X (bi + b2) ~ a f o x bi + a f o x b2 
= (a/5i) o .T + (a/62) ° X ~ (a/61 + a/62) ° X 
{af{pb)) o X = a f o X [pb) ~ p(a f o x b) — p{{afb) o x) — {p{afb)) o x 

□ 

Theorem 3.48. Consider D -algebras Ai andA2. For given mapping f C{Ai; A2) , 
there exists linear mapping 

/i : ^2 0^2 ^ £(Ai; A2) 

defined by the eguation 

(3.58) (a ® 6) o / = a/6 

Proof. The statement of the theorem is corollary of theorems 3.40, 3.47. □ 

Theorem 3.49. Consider D-algebras Ai and A2. Let us define product in algebra 
A2 ® A2 according to rule 

(3.59) {c®d)o{a®b) = (ca) ® {bd) 
A linear mapping 

(3.60) h:A2®A2^*C{Ai-A2) 
defined by the eguation 

(3.61) {a®b)o f = afb a, 6 6^2 feL{Ai;A2) 
is representation^'' of algebra A2 ® A2 in module C{Ai; A2). 

Proof. According to theorem 3.23, mapping (3.61) is transformation of module 
C{Ai]A2). For a given tensor c £ A2 ® A2, a transformation h{c) is a linear 

^■^See the definition of representation of Q-algebra in the definition [3]-2.1.4. 
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transformation of module A2), because 

((« b) o (/i + /2)) o X = (a(/i + /2)6) o a; = a((/i + /a) o x)6 

= a(/i o a; + /2 o x)^ = a(/i o a;)6 + a(/2 o x)b 

= (a/16) o a- + (a/26) o X 

= (a (g) 6) o /i o X 4- (a ® 6) o /2 o cc 

= ((a 6) o /i + (a ® 6) o /a) o a; 

((a ® 6) o (p/)) o a; = {a{pf)b) ox^ a{{pf) o a;)6 

= a(p / o a;)6 ~ po.{f o a;)6 

= p (afb) o X ~ p {{a (E) b) o f) o X 

= {p{{a iSi b) o f )) o X 

According to theorem 3.48, mapping (3.61) is linear mapping. 

Let / G C{Ai; ^2), a (E)b, c (E) d € A2 <E) A2. According to the theorem 3.48 

{a(g,b)o f = afbe CiAi;A2) 

Therefore, according to the theorem 3.48 

(c (g) d) o ((a (g) 6) o /) = c{afb)d 

Since the product in algebra A2 is associative, then 

{c(g)d)o {{a 6) o /) = c{afb)d {ca)f{bd) = (ca ®bd)o f 

Therefore, since we define the product in algebra A2 ® A2 according to equation 
(3.59), then the mapping (3.60) is morphism of algebras. According to the definition 
[3J-2.1.4 mapping (3.61) is a representation of the algebra A2 ® A2 in the module 
C[Ar,A2). □ 

Theorem 3.50. Consider D-algebra A. Let us define product in algebra A (x) A 
according to rule (3.59). A representation of algebra A(E) A 

(3.62) h: A(E)A^*C{A;A) 
in module C{A; A) defined by the equation 

(3.63) (a(E)b)o f = afb a,b (E A f e C{A;A) 

allows us to identify tensor d £ A (x) A and mapping d o S £ ^{A; A) where 
5 G C{A; A) is identity mapping. 

Proof. According to the theorem 3.48, the mapping / G C{A; A) and the tensor 
d G A (g) A generate the mapping 

(3.64) x-^{dof)ox 

If we assume f = 5, d = a®b, then the equation (3.64) gets form 

(3.65) ((a eg) 6) o (5) o a: = (aSb) ox = a{5ox)b^ axb 
If we assume 

(3.66) {{a (S) b) o S) o X = {a ® b) o {S o x) = {a ® b) o X 

then comparison of equations (3.65) and (3.66) gives a basis to identify the action 
of the tensor a (g 6 and transformation (a g) 6) o 5. □ 
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From the theorem 3.50, it foUows that wc can consider the mapping (3.61) as 
the product of mappings a (g) 6 and /. The tensor a £ A2'^ A2 is nonsingular, if 
there exists the tensor 6 S ^2 ® ^2 such that aoh = 1 ® 1 . 

Definition 3.51. Consider the representation of algebra A2 ® A2 in the module 
C{Ai-A2)}^ The set 

{A2® A2) o f = {g = do f : d e A2(E> A2} 
is called orbit of linear mapping / e C{Ai; A2) □ 

Theorem 3.52. Consider D-algebra Ai and associative D-algebra A2. Consider 
the representation of algebra A2 ® A2 in the module £-{Ai; A2). The mapping 

h : Ai ^ A2 

generated by the mapping 

f:Ai^A2 

has form 

(3.67) h = (os-Q ® Os-i) o / = as-ofas-i 
Proof. We can represent any tensor a £ A2 (E) A2 in the form 

a = Os-o Os-i 

According to the theorem 3.49, the mapping (3.61) is linear. This proofs the state- 
ment of the theorem. □ 

Theorem 3.53. Let A2 be algebra with unit e. Let a £ A2® A2 be a nonsingular 
tensor. Orbits of linear mappings f G C{Ai] A2) and g = a o f coincide 

(3.68) (A2® ^2)0/= (yl2® ^2)05 

Proof, li h G {A2 (E) A2) o g. then there exists b £ A2 ® A2 such that h ^ bo g. 
In that case 

(3.69) h = bo{ao f) = {boa)o f 
Therefore, h e {A2 -S) A2) o /, 

(3.70) {A2®A2)og^{A2®A2)of 
Since a is nonsingular tensor, then 

(3.71) f = a-^og 

If /i G {A2 ® A2) o f ^ then there exists b £ A2® A2 such that 

(3.72) h = bof 
From equations (3.71), (3.72), it follows that 

h = b o {a~^ ° g) = {b o a^^) o g 
Therefore, he {A2 ® A2) o g, 

(3.73) {A2®A2)ofc{A2®A2)og 

(3.68) follows from equations (3.70), (3.73). □ 
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From the theorem 3.53, it also foUows that if g ~ a o f and a G ^2 ® ^2 
is a singular tensor, then relationship (3.70) is true. However, the main result of 
the theorem 3.53 is that the representations of the algebra A2 ® A2 in module 
C{Ai;A2) generates an equivalence in the module C{Ai;A2). If we successfully 
choose the representatives of each equivalence class, then the resulting set will be 
generating set of considered representation.^'"' 

3.8. Linear Mapping into Free Finite Dimensional Associative Algebra. 

Theorem 3.54. Let Ai be algebra over the ring D . Let A2 be free finite dimensional 
associative algebra over the ring D. Let e be basis of the algebra A2 over the ring 
D. The mapping 

(3.74) g = aof 

generated by the mapping f € C{Ai] A2) through the tensor a G A2 <Si A2, has the 
standard representation 

(3.75) g = a'j (e,; e,- ) o / = a'^Cifej 

Proof. According to theorem 3.42, the standard representation of the tensor a has 
form 

(3.76) a = a^^Ci (S> ej 

The equation (3.75) follows from equations (3.74), (3.76). □ 

Theorem 3.55. Let ei be basis of the free finite dimensional D-algebra Ai. Let 
62 be basis of the free finite dimensional associative D-algebra A2. Let C2-^i be 
structural constants of algebra ^2. Coordinates of the mapping 

9 ^ao f 

generated by the mapping f £ (Ai; A2) through the tensor a £ A2 A2 and its 
standard components are connected by the equation 

(3.77) fff = /r5^-'C2.LC2.^, 

Proof. Relative to bases ei and 62, linear mappings / and g have form 

(3.78) fox = f]x^e2.i 

(3.79) gox = g]x^e2.i 
From equations (3.78), (3.79), (3.75) it follows that 

x'e2.fe= a''^e2.ifl^x%.rne2.j 

(3.80) 

= a^^7ra:'C2.LC2.^,e2.fc 

Since vectors e2 k arc linear independent and are arbitrary, then the equation 
(3.77) follows from the equation (3.80). □ 

Theorem 3.56. Let D be field. Let ei be basis of the free finite dimensional D- 
algebra Ai. Let 62 be basis of the free finite dimensional associative D-algebra A2. 
Let C2-^i be structural constants of algebra A2. Consider matrix 

(3.81) B^{Ct.j) = {C2.^^C2.^pj) 



15, 



Generating set of representation is defined in definition [3]-3.1.5. 
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whose rows and columns are indexed by J'^j and .^j , respectively. If matrix B 
is nonsingular, then, for given coordinates of linear transformation g\, and for 
mapping f = 5 , the system of linear equations (3.77) with standard components 
of this transformation g'^'' has the unique solution. 
If matrix B is singular, then the equation 



(3-82) rank(ct..i,- 3^) 



rank C 



rankC 



is the condition for the existence of solutions of the system of linear equations (3.77). 
In such case the system of linear equations (3.77) has infinitely many solutions and 
there exists linear dependence between values g^. 

Proof. The statement of the theorem is corollary of the theory of linear equations 
over field. □ 

Theorem 3.57. Let A be free finite dimensional associative algebra over the field 
D. Let e be the basis of the algebra A over the field D. Let Cj^^ be structural 
constants of algebra A. Let matrix (3.81) be singular. Let the linear mapping 
f G C{A; A) be nonsingular. If coordinates of linear transformations f and g satisfy 
to the equation 

(3-83) rank(c-5;,.,, gt /^) 

then the system of linear equations 

(3.84) 5f = frg'^Cf^C^j 
has infinitely many solutions. 

Proof. According to the equation (3.83) and the theorem 3.56, the system of linear 
equations 

(3.85) ft = f'^ClC^^ 

has infinitely many solutions corresponding to linear mapping 

(3.86) f = fi:>ei(^ej 

According to the equation (3.83) and the theorem 3.56, the system of linear equa- 
tions 

(3.87) g^=g^:>ClCl^ 

has infinitely many solutions corresponding to linear mapping 

(3.88) g = giiei(^ej 

Mappings / and g are generated by the mapping 5. According to the theorem 
3.53, the mapping / generates the mapping g. This proves the statement of the 
theorem. □ 

Theorem 3.58. Let A be free finite dimensional associative algebra over the field 
D. The representation of algebra A® A in algebra C{A; A) has finite basis /. 
(1) The linear mapping f e C{A; A) has form 

(3.89) / ^ (flfc-sfc-o ^flfc-sfc-i) o Ik = ak-Sk-ohak-Sk-i 

k 
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(2) Its standard representation has form 
(3.90) / = a''-'^ {ci e,- ) o ^ = a'^ '-^eihej 

Proof. From the theorem 3.57, it fohows that if matrix B is singular and the map- 
ping / satisfies to the equation 

(3.9f) rank(ct..i,- /i) = rankC 

then the mapping / generates the same set of mappings that is generated by the 
mapping 6. Therefore, to build the basis of representation of the algebra A(E) A in 
the module C{A;A), we must perform the following construction. 

The set of solutions of system of equations (3.84) generates a free submodule C 
of the module C{A; A). We build the basis {hi, hk) of the submodule C. Then 
we supplement this basis by linearly independent vectors hk+i, hm, that do not 
belong to the submodule C so that the set of vectors hi, h^ forms a basis of 
the module £( A; A). The set of orbits {A^A)oS, {A^A)ohk+i, (A®^)o7i„ 
generates the module £{A;A). Since the set of orbits is finite, we can choose the 
orbits so that they do not intersect. For each orbit we can choose a representative 
which generates the orbit. □ 

Example 3.59. For complex field, the algebra C{C;C) has basis 

Iq o z = z 
Ii o z = z 

For quaternion algebra, the algebra C{H; H) has basis 

IqO z = z 

□ 

3.9. Linear Mapping into Nonassociative Algebra. Since the product is nonas- 
sociative, we may assume that action oi a,h ^ A over the mapping / may have form 
either a(/6), or (af)b. However this assumption leads us to a rather complex struc- 
ture of the linear mapping. To better understand how complex the structure of the 
linear mapping, we begin by considering the left and right shifts in nonassociative 
algebra. 

Theorem 3.60. Let 

(3.92) l{a) o X = ax 
be mapping of left shift. Then 

(3.93) l{a)ol{b) = l{ab)-{a,b)i 
where we introduced linear mapping 

{a,b)i o X ~ {a, b, x) 
Proof. From the equations (3.13), (3.92), it follows that 

{l{a)ol{b))ox = l{a) o il{b)ox) 

(3.94) ^a{bx)^{ab)x-{a,b,x) 

= l{ab) o a; — (a, b)i o x 

The equation (3.93) follows from equation (3.94). □ 
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Theorem 3.61. Let 

(3.95) r(a) o x = xa 
be mapping of right shift. Then 

(3.96) r{a)or{b)^r{ba) + {b,a)2 
where we introduced linear mapping 

(b, 0)2 o X = {x, 6, a) 
Proof. From the equations (3.13), (3.95) it follows that 
(r(a) o r{b)) o x ~ r{a) o {r{b) o x) 

(3.97) = {xb)a = x{ba) + {x, b, a) 

= r{ba) o X + {x, 6, a) 

The equation (3.96) follows from equation (3.97). □ 
Let 

f:A^A f={ax)b 
be linear mapping of the algebra A. According to the theorem 3.23, the mapping 

g:A^A g = {cf)d 

is also a linear mapping. However, it is not obvious whether we can write the 
mapping g as a sum of terms of type {ax)b and a{xb). 

If A is free finite dimensional algebra, then we can assume that the linear map- 
ping has the standard representation like^^ 

(3.99) fox = f'^ {eix)ej 

In this case we can use the theorem 3.58 for mappings into nonassociative algebra. 

Theorem 3.62. Let ei be basis of the free finite dimensional D-algebra Ai. Let 
62 be basis of the free finite dimensional nonassociative D-algebra A2. Let C2.^( be 
structural constants of algebra A2 . Let the mapping 

(3.100) g^aof 

generated by the mapping f £ (Ai; A2) through the tensor a G A2 ® A2, has the 
.standard representation 

(3.101) g = a'^Ci e,) o / = a'^{eif)ej 

Coordinates of the mapping (3.100) and its standard components are connected by 
the equation 

(3.102) 5f = fr9''C2.^^C2.^pj 



^''Thc choice is arbitrary. We may consider the standard representation Hke 

f ox = f^Siixej) 

Then the equation (3.102) has form 

(3.98) 9!t = fr9''C2.1^C2.^j 

I chose the expression (3.99) because order of the factors corresponds to the order chosen in the 
theorem 3.58. 
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Proof. Relative to bases ei and 62, linear mappings / and g have form 

(3.103) fox^fix^e2.i 

(3.104) g o X ^ g'-x^e^.i 
From equations (3.103), (3.104), (3.101) it follows that 

gix'-e2k= (e2-i(//"a;'e2.,7i))e2.j 

(3.105) 

= a^Vr^'G2.LC2.^,.e2.fc 

Since vectors 62- aj are linear independent and are arbitrary, then the equation 
(3.102) follows from the equation (3.105). □ 

Theorem 3.63. Let A he free finite dimensional nonassociative algebra over the 
ring D. The representation of algebra Ai^ A in algebra £-{A; A) has finite basis I . 

(1) The linear mapping f € C{A] A) has form 

(3.106) / ^ {ak-s^-o ® ak-sk-i) ° h = {ak-s^-oIk)ak-Sk-i 

(2) Its standard representation has form 



lev 



(3.107) / = a''-'' {ei ® e,- ) o = a^- ' > [ejk 

Proof. Consider matrix (3.81). If matrix B is nonsingular, then, for given coordi- 
nates of linear transformation g^, and for mapping f — S , the system of linear 
equations (3.102) with standard components of this transformation g'^^ has the 
unique solution. If matrix B is singular, then according to the theorem 3.58 there 
exists finite basis / generating the set of linear mappings. □ 

Unlike the case of an associative algebra, the set of generators / in the theorem 
3.63 is not minimal. From the equation (3.93) it follows that the equation (3.69) 
does not hold. Therefore, orbits of mappings Ik do not generate an equivalence 
relation in the algebra L(A;A). Since we consider only mappings like {alk)b, then 
it is possible that for k ^ I the mapping Ik generates the mapping Ii, if we con- 
sider all possible operations in the algebra A. Therefore, the set of generators Ik 
of nonassociative algebra A does not play such a critical role as conjugation in 
complex field. The answer to the question of how important it is the mapping Ik 
in nonassociative algebra requires additional research. 

4. DiFFERENTIABLE MAPPINGS 

4.1. Topological Ring. 

Definition 4.1. Ring D is called topological ring^' if D is topological space and 
the algebraic operations defined in D are continuous in the topological space D. □ 

According to definition, for arbitrary elements a, b E D and for arbitrary neigh- 
borhoods Wa-b of the element a — b, Wat of the element ab there exists neighbor- 
hoods Wa of the element a and Wb of the element b such that Wa — Wb C Wa^t, 

WaWb C Wab- 



^^I made definition according to definition from [8], chapter 4 
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Definition 4.2. Norm on ring D^^ is a mapping 

deD ^\d\eR 

which satisfies the following axioms 

• |a| > 

• |a| = if, and only if, a = 

• la^l = |a| \b\ 

• |a + 5| < \a\ + \b\ 

Ring D, endowed with the structure defined by a given absolute value on D, is 
called normed ring. □ 

Invariant distance on additive group of ring D 

d{a,b) = \a-b\ 

defines topology of metric space, compatible with ring structure of D. 

Definition 4.3. Let D be normed ring. Element a G D is called limit of a 
sequence {a„} 

a ~ lini a„ 

if for every e G i?, e > there exists positive integer no depending on e and such, 
that |a„ — a| < e for every n > n^. □ 

Theorem 4.4. Let D be normed ring of characteristic and let d Cz D. Let a E D 
be limit of a sequence {a„}. Then 

lim (a„c?) = ad 

n— >oo 

lim (don) = da 

n— >oo 

Proof. Statement of the theorem is trivial, however I give this proof for completeness 
sake. Since a G D is limit of the sequence {a„}, then according to definition 4.3 for 
given e G i?, e > 0, there exists positive integer no such, that |a„ — a| < e/\d\ for 
every n > no. According to definition 4.2 the statement of theorem follows from 
inequalities 

[ond — ad\ ~ |(a„ — a)d\ ~ |a„ — a\\d\ < e/\d\\d\ — e 
\dan — da\ = |d(a„ — a)\ = \d\\an — a\ < |c?|e/|d| = e 
for any n > uq. □ 

Definition 4.5. Let D be normed ring. The sequence {a„}, a„ G D is called 
fundamental or Cauchy sequence, if for every e G i?, e > there exists positive 
integer no depending on e and such, that \ap — aq\ < e for every p, q > uq. □ 

Definition 4.6. Normed ring D is called complete if any fundamental sequence 
of elements of ring D converges, i.e. has limit in ring D. □ 

Later on, speaking about normed ring of characteristic 0, we will assume that 
homeomorphism of field of rational numbers Q into ring D is defined. 

Theorem 4.7. Complete ring D of characteristic contains as subfield an iso- 
morphic image of the field R of real numbers. It is customary to identify it with 
R. 



made definition according to definition from [6], IX, §3.2 and definition [12]-1.1.12, p. 23. 
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Proof. Let us consider fundamental sequence of rational numbers {pn}- Let p' be 
limit of this sequence in division ring D. Let p be limit of this sequence in field R. 
Since immersion of field Q into division ring D is homeomorphism, then we may 
identify p' G D and p € R. □ 

Theorem 4.8. Let D be complete ring of characteristic and let d G D. Then 
any real number p £ R commute with d. 

Proof. Let us represent real number p G i? as fundamental sequence of rational 
numbers {pn}- Statement of theorem follows from chain of equations 

pd ~ lim {p„d) = lim (o?p„) = dp 
based on statement of theorem 4.4. □ 
4.2. Topological D-Algebra. 

Definition 4.9. Given a topological commutative ring D and D-algebra A such 
that A has a topology compatible with the structure of the additive group of A and 
mappings 

{a,v) e D X A ^ av e A 

{v,w) € A X A vw e A 

are continuous, then V is called a topological ZJ-algebra^^. □ 

Definition 4.10. Norm on I?-algebra A over normed commutative ring D^'^ is 
a map 

a e A ^ \a\ e R 
which satisfies the following axioms 

• |a| > 

• |a| = if, and only if, a = 
. |a + 5| < \a\ + \b\ 

• la^l = |a| \b\ 

• \da\ = \d\ |a|, d e D, a e A 

If D is a normed commutative ring, D-algebra A, endowed with the structure 
defined by a given norm on A, is called normed Z3-algebra. □ 

Definition 4.11. Let A be normed ZJ-algebra. Element a G A is called limit of 
a sequence {a„} 

a ~ lim On 

n— >oo 

if for every e G i?, e > there exists positive integer no depending on e and such, 
that |a„ — a| < e for every n > uq. □ 

Definition 4.12. Let A be normed I?-algebra. The sequence {a„}, a„ G ^ is called 
fundamental or Cauchy sequence, if for every e G i?, e > there exists positive 
integer no depending on e and such, that |ap — a^l < e for every p, q > no- □ 

Definition 4.13. Normed ZJ-algebra A is called Banach D-algebra if any fun- 
damental sequence of elements of algebra A converges, i.e. has limit in algebra 
A. □ 



^'^I made definition according to definition from [7], p. TVS I.l 
^"l made definition according to definition from [6], IX, §3.3 
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Definition 4.14. Let A be Banach D-algebra. Set of elements a ^ A, \a\ = 1, is 
called unit sphere in algebra A. □ 

Definition 4.15. Mapping 

/ : Ai -> ^2 

of Banach Di-algcbra Ai with norm |a:;|i into Banach D2-a'lgcbra A2 with norm 
\y\2 is called continuous, if for every as small as we please e > there exist such 
(5 > 0, that 

\x' - x\i < S 

implies 

\fix')-f{x)U<e 

□ 

Definition 4.16. Let 

f:A,^A2 

mapping of Banach _Di-algebra Ai with norm |a;|i into Banach _D2-algebra A2 with 
norm \y\2- Value 

(4.1) 11/11 =sup^^ 

\x\i 

is called norm of mapping /. □ 
Theorem 4.17. Let 

f:Ai^A2 

linear mapping of Banach Di-algebra Ai with norm \x\i into Banach D2-algebra 
A2 with norm \y\2- Then 

(4.2) 11/11 = 5M|/(a;)|2 : Ixli = 1} 

Proof. From the definition 3.21 and the theorem 4.7, it follows that 

(4.3) f{rx) = rf{x) r eR 

From the equation (4.3) and the definition 4.10 it follows that 

|/(rx)|2 \r\ \f{x)\2 \f{x)\2 



1 

Assummg r = - — ;— , we get 

mi 



(4.4) 



\rx\i \r\ \x\i \x\i 

l/(^)|2 



/ 



X 

NT 



mi 

Equation (4.2) follows from equations (4.4) and (4.1). □ 
Theorem 4.18. Let 

f:Ai^A2 

linear mapping of Banach Di-algebra Ai with norm \x\i into Banach D2-algebra 
A2 with norm \y\2- Since \\f\\ < 00, then map f is continuous. 
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Proof. Since map / is linear, then according to definition 4.16 

|/(x)-/(2/)|2-|/(x-y)|2< 11/11 \x~y\. 
Let us assume arbitrary e > 0. Assume 6 ~ Yf\\' "^^^^ 

\f{x)~f{y)\2 <\\f\\6 = e 

follows from inequality 

\x -y\i <5 

According to definition 4.15 map / is continuous. □ 
4.3. The Derivative of Mapping in Algebra. 
Definition 4.19. Let A be Banach Z3-algebra. The function 

f -.A^ A 

is called differentiable in the Gateaux sense on the set J7 C ^, if at every point 
X Cz U the increment of the function / can be represented as 

(4.5) fix + a)~ fix) = dfix) o a + o{a) = o a + o(a) 

where the Gateaux derivative dfix) of map / is linear map of increment a and 
o : A ^ A is such continuous map that 

lim J-V^ = 

a->0 \a\ 

□ 

Remark 4.20. According to definition 4.19 for given x, the Gateaux derivative 
dfix) £ jOiA; A). Therefore, the Gateaux derivative of map / is map 

df : A^ CiA;A) 

dfix) 

Expressions dfix) and — - — are different notations for the same function. We will 

dx 

dfix) 

use notation — ^- — to underline that this is the Gateaux derivative with respect to 
dx 

variable x. □ 

Theorem 4.21. It is possible to represent the Gateaux differential dfix) o dx 
of mapping / as^^ 

. , »^ ^ , fds-ofix) ds.ifix)\ ds-ofix) ds.ifix) 

(4.7) dfix) o dx = « ^— jodx = -^dx^— 

ds- fix) 

Expression ^ ^ , p = 0, 1, is called component of the Gateaux derivative 

dx 

of map fix). 

^ ^Formally, we have to write the differential of the mapping in the form 

(4.6) df{x) odx = { (g) ] o Ikodx = {h o dx) 

\ ax ax y ox ox 

However, for instance, in the theory of functions of complex variable we consider only linear 
mappings generated by mapping Iq o z = z. Therefore, exploring derivatives, we also restrict 
ourselves to linear mappings generated by the mapping 7o- To write expressions in the general 
case is not difficult. 
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Proof. Corollary of definitions 4.i9 and theorem 3.58. □ 
From definitions 3.2i, 4.i9 and the theorem 4.7 it follows 

(4.8) df{x) o (m) = rdf{x) o a 

r e R r^O ae A a 

Combining equation (4.8) and definition 4.i9, we get known definition of the Gateaux 
differential 

(4.9) df{x) oa = ^Jjni^^{t-\f o {x + ta) - fo x)) 

Definitions of the Gateaux derivative (4.5) and (4.9) are equivalent. Using this 
equivalence we tell that map / is called differentiable in the Gateaux sense on 
the set U C D, if at every point x € U the increment of the function / can be 
represented as 

(4.10) f o{x + ta) - f ox^ tdfix) oa + o{t) 
where o : i? — >■ A is such continuous map that 

t^O \t\ 

Theorem 4.22. Let A be Banach D-algebra. Let e he basis of algebra A over ring 
D. Standard representation of the Gateaux derivative of mapping 

f:A^A 

has form 

(4.11) df{x) = ^^-^ei<S>ej 
d^^ fix) 

Expression — in equation (4.11) is called standard component of the 

ax- 
Gateaux derivative of mapping /. 

Proof. Statement of theorem is corollary of statement (2) of the theorem 3.58. □ 

Theorem 4.23. Let A be Banach D-algebra. Let e be basis of algebra A over ring 
D. Then it is possible to represent the Gateaux differential of mapping 

f-D^D 



dx 

where dx ^ A has expansion 



(4.12) df{x) odx = dx'^ej 



dx = dx^ e,- c?x' € D 



relative to basis e and Jacobian matrix of map f has form 

Proof. Statement of theorem is corollary of theorem 3.58. □ 
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Theorem 4.24. Let A be Banach D-algebra. Let f , g be differentiahle mappings 

f : A g: A~f A 

The mapping 

f + g-.A^A 

is differentiable and the Gateaux derivative satisfies to relationship 

(4.14) dif + g)ix) = d,f{x) + dg{x) 
Proof. According to the definition (4.9), 

df{x)oa=^ lini {t-\U + g)o{x + ta)-U + g)ox)) 

t — >-0, t^R 

= lim ^{t~^{f o (x + ta) + g o [x + ta) — f o X ~ g o x j) 

(4.15) = ^ liTJi^^{t~\f o {x + ta) - f o x)) 
+ lim {t^^{g o [x + ta) ~ g o x)) 

t — ^0, t^R 

= df{x) o a + dg{x) o a 
The equation (4.14) follows from the equation (4.15). □ 
Theorem 4.25. Let A be Banach D-algebra. Let 

h: Ay. A^ A 

be continuous bilinear mapping. Let f , g be differentiable mappings 

f : A^ A g : A^ A 

The mapping 

hif,g):A^A 

is differentiable and the Gateaux differential satisfies to relationship 

(4.16) dh{f{x),g{x)) o dx = h{df{x) o dx, g{x)) + h{f{x),dg{x) o dx) 
Proof. Equation (4.16) follows from chain of equations 

dh{f{x),g{x)) o a = YiMt-\h{f{x + ta),g{x + ta)) - h{f {x) , g{x)))) 



\im{t-\h{f{x + ta),g{x + ta)) - h{f{x),g{x + ta)))) 
,-1 



+ limit- '{h{f{xl g{x + ta))- h{f{x), g{x)))) 

= hi\imt-\f{x + ta) ~ fix)),g{x)) 

+ h{f{x), lim t-i(g(x + ta) ~ g{x))) 
based on definition (4.9). □ 
Theorem 4.26. Let A be Banach D-algebra. Let f , g be differentiahle mappings 

f : A^ A g: A^ A 
The Gateaux differential satisfies to relationship 

(4.17) d{f{x)g{x)) o dx = (dfix) o dx) g{x) + f{x) {dg{x) o dx) 

Proof. The theorem is corollary of theorem 4.25 and definition 3.10. □ 
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Theorem 4.27. Let A he Banach D-algebra. Suppose the Gateaux derivative of 
mapping 

f:A^A 

has expansion 

Suppose the Gateaux derivative of mapping 

g:A^A 

has expansion 

The Gateaux derivative of mapping f{x)g{x) have form 

(4.20) Qifix)gix)) = « (^^^^(-)) + (/(-)^) « ^ 

.^21) ds.of{x)g{x) ^ ds-ofix) dt.of{x)g{x) ^ 9t.og(x) 

9x 9a: 9a; (3a; 

22) ^s-i/Wg(^) ^ ^'■^^^^\ [x) ^t-if{x)g{x) ^ (9Mg(x) 
9a; 9a; 9a; 9a; 

Proof. Let us substitute (4.18) and (4.19) into equation (4.17) 

(4.23) 9(/(x)g(a;))(a) = 9/(a;)(a) g{x) + f{x) dg{x){a) 

s-adf{x) sidf{x) . ^ , t.o95(a;) t.i95(a;) 
- -a 9{x) + f[x) a- 



dx dx dx dx 

Based (4.23), we define equations (4.21), (4.22). □ 

Theorem 4.28. Let A be Banach D-algebra. If the Gateaux derivative df{x) exists 
in point x and has finite norm, then function f is continuous at point x. 

Proof. From definition 4.16 it follows 

(4.24) |9/(a;)oa| < l|9/(x)l| |a| 
From (4.5), (4.24) it follows 

(4.25) |/(a; + a)-/(a;)| < \a\ \\df{x)\\ 
Let us assume arbitrary e > 0. Assume 

\\dfim 

Then from inequality 

\a\ < S 

it follows 

|/(a; + a)-/(a;)| < \\df{x)\\ 5 ^ e 
According to definition 4.15 map / is continuous at point x. □ 
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Theorem 4.29. Let A be Banach D-algehra. Let mapping 

f:A^A 

he differ entiable in the Gateaux sense at point x. Then 

df{x)oO = 

Proof. Corollary of definitions 4.i9 and theorem 3.24. □ 
Theorem 4.30. Let A be Banach D-algebra. Let mapping 

f -A-^A 

be differentiate in the Gateaux sense at point x and norm of the Gateaux derivative 
of mapping f be finite 

(4.26) = < oo 
Let mapping 

g:A^A 

be differentiate in the Gateaux sense at point 

(4.27) y ^ fix) 

and norm of the Gateaux derivative of mapping g be finite 

(4.28) \\dgiy)\\^G<oo 
Mapping 

{9of){x)=9{f{x)) 
is differentiable in the Gateaux sense at point x 

dig o f){x) ^ dg{y) o dfix) 
dig o /)(x) o a = dgiy) o dfix) o a 

dstojg o f)ix) ^ ds-ogifix)) dt.pfix) 

I A Qn^ ) dx dfix) dx 

^^■^"^ 1 ds t.iigof)ix) ^ dt.^fix) ds.igjfix)) 

dx dx dfix) 

Proof. According to definition 4.i9 

(4.3f ) 9iy + b)- giy) = dgiy) ob + oi (fe) 

where oi : A ^ A is such continuous map that 

b-^O \b\ 

According to definition 4.i9 

(4.32) fix + a)- fix) ^ dfix) oa + 02ia) 
where 02 : A — > A is such continuous map that 

limM^.O 

a-i-O \a\ 

According to (4.32) increment a of value x £ A leads to increment 

(4.33) b^dfix)oa + 02ia) 



(4.29) 
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of value y. Using (4.27), (4.33) in equation (4.31), we get 

g{f{x + a))-g{f{x)) 
(4.34) ^9{f{x) + df{x) o a + 02(a)) - g{f{x)) 

^dg{f{x)) o {df{x) oa + 02(a)) - oi{df{x) oa + 02(a)) 
According to definitions 4.19, 3.21 from equation (4.34) it follows 
^4 3g^ 9ifix + a))-ginx)) 

= d9if{x)) o df{x)oa + dg{f{x)) 002(a) - oi{df{x) o a + 02{a)) 
According to definition 4.10 

,. \dg{f{x)) o 02(a) - oi{df{x) oa + 02{a))\ 
lim 

(4->56) ^ \dg{f{x))oo2{a)\ ^ ^.^ |oi(9/(x) o a + 02(a))| 

~ a-i>0 \a\ a^O \a\ 

From (4.28) it follows that 

(4.37) lim IW(^)) oo2(a)| < ^ ^ q 

a^O \a\ a^O \a\ 

From (4.26) it follows that 



lim 

a-i-O 


|oi((9/(a;) a 


+ 02(a))| 


\a\ 




= lim 


\oi{df{x) a 


+ 02(a))| 


\df{x)oa^ 


-02(a)| 


< lim 


\oi{df{x)oa 


+ 02(a))| 


\df{x) a + 


02(a)|2 


= lim 


\oi{df{x) oa 


+ 02(a))| 


\dfix)oai 


- 02 (a) 1 



lim 



lim ■ 



\\dfix)\\ 

According to the theorem 4.29 

lim(a/(a;) oa) +02(a)) = 

a— >0 

Therefore, 

(4.38) lim \o^mx)oa + 02{a))\ ^ ^ 

a^O \a\ 

From equations (4.36), (4.37), (4.38) it follows 

ggN \9g{f{x)) o 02(a) - oijdfix) o g + 02(a))| ^ ^ 

a^O \a\ 

According to definition 4.19 

(4.40) (5 o /)(x + a) - {g o f){x) = d{g o f){x) o a + o{a) 

where o : A ^ A is such continuous mapping that 

, \o{a)\ 
lim = 

Equation (4.29) follows from (4.35), (4.39), (4.40). 
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From equation (4.29) and theorem 4.21 it follows that 



(4.41) 



dst-ajg ° f){x) ^ dst-i{g o f){x) 
dx dx 

ds-ogifix)) dt-ofix) dt.if{x) ds.ig{f{x)) 
a 



dx 



df{x) 



□ 



df{x) dx 
(4.30) follow from equation (4.41). 

4.4. Table of Derivatives of Map of Associative Algebra. 

Theorem 4.31. Let D be the complete commutative ring of characteristic 0. Let 
A be associative D-algebra. Then for any 6 G A 

96= 

Proof. Immediate corollary of definition 4.19. □ 

Theorem 4.32. Let D be the complete commutative ring of characteristic 0. Let 
A be associative D-algebra. Then for any b, c £ A 

d{bf{x)c) = b df{x) c 
d{bf{x)c) o dx ~ b{df{x) o dx)c 

ds.obf{x)c ds.of{x) 



(4.42) 



dx 



dx 



ds-ibf{x)c _ ds-ifix) 



dx 



dx 



Proof. Immediate corollary of equations (4.17), (4.21), (4.22) because db = dc = 
0. □ 

Theorem 4.33. Let D be the complete commutative ring of characteristic 0. Let 
A be associative D-algebra. Then for any b, c G A 



(4.43) 



d(bxc) =b® c dibxc) o dx = b dx 



di-obxc 
dx 



di.ibxc 



dx 

- X. 



□ 



Proof. Corollary of theorem 4.32. when f{x 

Theorem 4.34. LeA D be the complete commutative ring of characteristic 0. Let 
A be associative D-algebra. Let f be linear mapping 

f ox ^ (fls.o ® ag.i) ox ^ Os.Q X ag.i 

Then 

df = f 
df o dx — f o dx 

Proof. Corollary of theorems 4.33, 4.24. □ 
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Corollary 4.35. Let D be the complete commutative ring of characteristic 0. Let 
A be associative D-algebra. Then for any b & A 

d{xb -bx) =106-6®1 
d{xb — bx) o dx ~ dx b — b dx 

di.o{xb — bx) di.i{xb — bx) 



dx 

d2o{xb — bx) 
dx 



dx 

d2i{xb — bx) 
dx 



□ 



Theorem 4.36. Let D be the complete commutative ring of characteristic 0. Let 
A be associative D-algebra. Then^"^ 

dx"^ = x®l + l®x 
dx^ o dx = X dx + dx X 

di-ox'^ di.ix^ 



(4.44) 



dx 
d2W 



1 



dx 

d2.lX^ 



1 



dx dx 
Proof. Consider increment of map f{x) = x'^ . 



(4.45) f{x + h) - fix) ^ {x + h)^ ~x' 
(4.44) follows from equations (4.7), (4.45). 



xh + hx + h'^ = xh + hx + o{h) 



□ 



Theorem 4.37. Let D be the complete commutative ring of characteristic 0. Let 
A be associative division D-alqebra. Then^^ 



(4.46) 



dx 



di.px' 
dx 



— X 



di-ix ^ 
dx 



X 



^■^The statement of the theorem is similar to example VIII, [11], p. 451. If product is commu- 
tative, then the equation (4.44) gets form 

dx^ o dx = 2x dx 
dx^ 
dx 



2x 



"^■^The statement of the theorem is similar to example IX, [11], p. 451. If product is commuta- 
tive, then the equation (4.46) gets form 

dx~^ o dx = —x~^dx 

dx~^ n 



dx 
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Proof. Let us substitute f{x) = .t ^ in definition (4.9). 

df(x)oh^ lim (t-'^((x + th)-^ -x-^)) 

= lim (f-'^Ux + thy^ - x^^(x + th)(x + thy^)) 
t— >o, teR 

(4.47) = lim (t^\l~x-\x + th))(x + thy'^) 

= lim {t-'^ {1-1- x-Hh){x + thy^) 

t — > , t^R 

= lim (-a:"^/i(a; + t/i)"M 

Equation (4.46) follows from chain of equations (4.47). □ 

Theorem 4.38. Let D be the complete commutative ring of characteristic 0. Let 
A be associative division D-alqebra. Ther?^ 



(4.48) 



d{xax ^) = 1 ® ax ^ — xax 

d{xax^^) o dx — dx ax^^ — xax^ 

di.px^^ - 1 9i.ix^^ 

dx dx 
d2.ox _^ d2.ix _i 

— 'XaX — rr. ^ 



dx dx 
Proof. Equation (4.48) is eorollary of equations (4.17), (4.43). □ 

5. Derivative of Second Order of Map of Division Ring 

5.1. Derivative of Second Order of Map of Algebra. Let D be the complete 
commutative ring of characteristic 0. Let A be associative D-algebra. Let 

f-A^A 

function differentiable in the Gateaux sense. According to remark 4.20 the Gateaux 
derivative is map 

df -.A^ C{A] A) 

According to theorem 3.36 and definition 4.16 set C{A\ A) is Banach Z?-algebra. 
Therefore, we may consider the question, if map df is differentiable in the Gateaux 
sense. 

According to definition 4.19 
(5.1) {df o {x + 02)) o ai — {df o x) o ai = d{df{x) o ai) 00-2 + 02(02) 

where 02 : A — > C{A] A) is such continuous map, that 

lim M^^O 

a2-)-0 \a2\ 

According to definition 4.19 the mapping d{df{x)oai)oa2 is linear map of variable 
02- From equation (5.1) it follows that mapping d{df{x)oai)oa2 is linear mapping 
of variable ai. Therefore, the mapping d{df{x) o ai) o 02 is bilinear mapping. 



^^If product is commutative, then 
Accordingly, the derivative is 0. 



y = xax ^ 
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Definition 5.1. Poly linear map 

(5.2) d^fix) o (ai; as) = o {a.-a^) = d{df{x) o a,) o 

is called the Gateaux derivative of second order of map /. □ 

Remark 5.2. According to definition 5.1 for given x the Gateaux derivative of second 
order d'^f{x) S C{A,A]A). Therefore, the Gateaux derivative of second order of 
map / is mapping 

d'^ J : A ^ C{A, A- A) 
According to the theorem [4J-3.6.4. we may consider also expression 

d'^f{x) o (ai ® az) = d'^f{x) o (oi; az) 

Then 

d'^fix) G C{A®A-A) 

d'^f : A^ C{A(S}A;A) 

We use the same notation for mapping because of the nature of the argument it is 
clear what kind of mapping we consider. □ 

Theorem 5.3. It is possible to represent the Gateaux differential of second 
order of map / as 

'd lofjx) ^ dlJjx) ^ dlJjx) 
dx^ dx^ dx^ 

(5.3) 

dl,f{x) , , dlJ{x) , dlJ{x) 

= 

Expression 

ox'' 

is called component of the Gateaux derivative of second order of map 

fix). □ 

By induction, assuming that we defined the Gateaux derivative d"^^f{x) of 
order n — 1, we define 

d'^fix) o (ai; ...;a„) = 

^ „ o (ai;...;a„) 5(9" ^f{x) o (ai; a„_i)) o a„ 
ox" 

the Gateaux derivative of order n of map /. We also assume f{x) = f{x). 



d'fix) o (ai; a2)= ( ^^^f^ ® ^^^^ ® a, ) o (a^; a^) 



25-We suppose 

dx'^ dxdx 
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5.2. Taylor Series. Let D be the complete commutative ring of cliaracteristic 0. 
Let A be associative £)-algebra. Let pk{x) be tlie monomial of power fc, fc > 0, in 
one variable over £>- algebra A. 

It is evident that monomial of power has form ag, ag G A. For A; > 0, 

Pk{x) = pk~i{x)xak 

where e A. Actually, last factor of monomial pk{x) is either g A, or has 
form x', / > 1. In the later case we assume Cfc = 1. Factor preceding ak has form a;', 
I > 1. We can represent this factor as x''~'^x. Therefore, we proved the statement. 

In particular, monomial of power 1 has form pi{x) — aoxai. 

Without loss of generality, we assume k ^ n. 

Theorem 5.4. For any m > the following equation is true 
d"'{f{x)x)o{hi;...;hm,) 
= d"'f{x) o (/ii; hm.)x + d-^-^fix) o [h^- /l,„_i)/l„, 
+ o [hi; K,-i; hm)hi + ... 

+ o {hi; /i,„_i; hm)hrn-i 

where symbol ft,* means ahsense of variable h^ in the list. 
Proof. For m = 1, this is corollary of equation (4.17) 

d{f{x)x) o fti = {df{x) o hi)x + f{x)hi 
Assume, (5.5) is true for m — 1. Then 

9™-i(/(a;)x)o(fti;...;/i,„_i) 
= d"'-^f{x) o (fti; h^^i)x + d"^-^fix) o {hi; ...; h^^2)h^-l 
+ d"'-'^f{x) o {hi;...;h„,^2]h„i^i)hi + ... 
+ 5'"~^/(x) o (fti; ...;hm-2;hm-i)hm-2 
Using equations (4.17) and (4.42) we get 

d"^{f{x)x) o {hi; h,n-i;h„i) 
= d"^f{x) o (/ii; hjn-i;hm)x 

^, + d"'''^f{x) o {hi; ...; /i,„_2; hm-i)hm 
(5-6) _ 

+ 9™ V(2;) ° (^i; hrn~2] hm-i, /l,„)/l™_i 



+ 9" '^f{x) o (/ii; /i™_2; hm~i;hjn)h 



+ 9™ ^/(x) o {hi; ...; /i,„_2; ftm-i; h,n)h„i-2 

The difference between equations (5.5) and (5.6) is only in form of presentation. 
Wc proved the theorem. □ 

Theorem 5.5. The Gateaux derivative d"^Pn{x) o {hi; ...; hm) is symmetric poly- 
nomial with respect to variables hi, hm- 
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Proof. To prove the theorem we consider algebraic properties of the Gateaux deriv- 
ative and give equivalent definition. We start from construction of monomial. For 
any monomial p„ (x) we build symmetric polynomial r„ (x) according to following 
rules 

• If Pi{x) = OQxai, then ri{xi) = OQXiai 

• If pn{x) = pn-i{x)an, then 

fji (^1 1 ■ • ■ 1 ) — (-^[1 ; ■ • ■ : ^n— 1 )^n] 

where square brackets express symmetrization of expression with respect 
to variables xi, x„. 
It is evident that 

We define the Gateaux derivative of power k according to rule 

(5.7) d^pn{x) o (/ii; ...]hk) = r„(/ii, hk,Xk+i, ■.■,Xn) Xk+i = ... = x^ = x 

According to construction, polynomial Tnihi, ...,hk, Xk+l^ Xn) is symmetric with 
respect to variables hi, hk, Xk+i, Xn- Therefore, polynomial (5.7) is sym- 
metric with respect to variables hi, hk. 

For fc = 1. we will prove that definition (5.7) of the Gateaux derivative coincides 
with definition (4.5). 

For n — I, ri(/ii) = aohiai. This expression coincides with expression of the 
Gateaux derivative in theorem 4.33. 

Let the statement be true for n — 1. The following equation is true 

(5.8) r„(/ii (X2, ...,Xn)hian 

Assume X2 = -.• = a;„ = .t. According to suggestion of induction, from equations 
(5.7), (5.8) it follows that 

) = {dpn~i{x) o hi)xan + Pn-i{x)hian 

According to theorem 5.4 

rn{hi,X2, ■.■,Xn) = dp„{x) O hi 

This proves the equation (5.7) for fc = 1. 

Let us prove now that definition (5.7) of the Gateaux derivative coincides with 
definition (5.4) for fc > 1. 

Let equation (5.7) be true for fc — 1. Let us consider arbitrary monomial of poly- 
nomial rnihi, ...,hk-i,Xk, ..■,Xn). Identifying variables hi, hk-i with elements 
of division ring D, we consider polynomial 

(5.9) i?„_fc(a;fc, ...,a;„) = r„(/ii, Xfc, a;„) 
Assume Pn-kix) = Rn-k{xk, ■•■,a;„), Xk = ... = Xn = x. Therefore 

Pn-k{x) = d^-^pn{x) o (hi; hk-i) 
According to definition of the Gateaux derivative (5.4) 

dPn-k{x) o hk = d{d''^^pn{x) o {hi; ...; hk-i)) o hk 

(5.10) 

= d^Pn{x) o {hi; ...; hk-i;hk) 
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According to definition (5.7) of the Gateaux derivative 

(5.11) dPn-k{x) ohk^ Rn-k{hk,Xk+l,:;Xn) Xk+l = ■■■ = Xn = X 

According to definition (5.9), from equation (5.11) it follows that 

(5.12) dPn~k{x){hk) =rn{hl,...,hk,Xk+l,--.,Xn) Xk+l = Xn = x 

From comparison of equations (5.10) and (5.12) it follows that 

d''pn{x){hi; ...;hk) = r„(/ii, /i^, Xfe+i, a;„) Xk+i = .t« =x 

Therefore equation (5.7) is true for any k and n. 

We proved the statement of theorem. □ 

Theorem 5.6. For any n > following equation is true 

9"+V(^) = 

Proof. Since ^0(2;) = oq, E D, then for n = theorem is corollary of theorem 
4.31. Let statement of theorem is true for 71 — 1. According to theorem 5.4 when 
fix) = p„-i{x) we get 

d"+'^Pn{x){hi; K+i) =9"+^(p„-i(2:)a;a„)(/ii; K+i) 

=9"+V>i-i(2:)(/ii; ...;h„i)xan 

+9>„„i(x)(/ii;.. )/iia„ + ... 

+d"^~^Pn-i(x){hi; hm-i; h„i)hm.-ian 
According to suggestion of induction all monomials are equal 0. □ 
Theorem 5.7. Ifm<n, then following equation is true 

9>„(0) = 
Proof. For ji — 1 following equation is true 

9°pi(0) = a^xai = 
Assume that statement is true for n — 1. Then according to theorem 5.4 
d"'{pn-i{x)xan){hi; hm) 
=9™p„_i(a;)(/ii; /i,„)xa„ + d"^'^Pn-i{x){hi; hm-i)hma„ 
+d"'-~^Pn-i{x){hi; /im-i; /im)/iia„ + ... 
+d"'''^Pn-i{x){hi; /i^-i; /i™)/i„i_ia„ 

First term equal because x = 0. Because to — 1 < n — 1, then rest terms equal 
according to suggestion of induction. We proved the statement of theorem. □ 

When hi ~ ... = hn = h, we assume 

a"/(^)°/^ = 5"/(^)o(/ii;-;/in) 

This notation does not create ambiguity, because we can determine function ac- 
cording to number of arguments. 

Theorem 5.8. For any n > following equation is true 

9>„(a;) oh = n\p„{h) 
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Proof. For n = 1 following equation is true 

dpi{x) o h ~ d{aQxai) o h = aghai = l\pi(h) 
Assume the statement is true for ?i — 1. Then according to theorem 5.4 

d''pn{x) oh = (a"p„_i(a;) o h)xan + (9"~^p„_i(a;) o /i)/ia„ 

(5.13) 

+ ... + (9" ^pn-iix) o h)han 

First term equal according to theorem 5.6. The rest n terms equal, and according 
to suggestion of induction from equation (5.13) it follows 

d^'Pnix) oh^ n{d"-~^pn^iix) o h)han = n{n - l)!p„_i(/i)/ia„ = n!p„(/i) 

Therefore, statement of theorem is true for any n. □ 

Let p{x) be polynomial of power n.^^ 

P{x) =P0+ Pin (x) + ...+ Pni^ {x) 

We assume sum by index ik which enumerates terms of power k. According to 
theorem 5.6, 5.7, 5.8 

d^p{{))o{hi-...-hk) = k\pu,{x) 

Therefore, we can write 

p{x) = po + (i!)~^ap(o) OX + (2!)-ia2p(o) OX + ... + (n!)-iaxo) o X 

This representation of polynomial is called Taylor polynomial. If we consider 
substitution of variable x = y — ya, then considered above construction remain true 
for polynomial 

Piy) = Po + Pin {y -yo) + ...+ Pnir, {y - yo) 

Therefore 

p{y)=PoH^i)-'MyoHy-yo)+(2i)-'dMyaHy-yo)+--Mni)-^dy{y„)o{y^y^ 

Assume that function f{x) is differentiable in the Gateaux sense at point xq up 
to any order. ^' 

Theorem 5.9. If function f{x) holds 

f{xo) = df{xo) o h = ... = d^fixo) oh = 

then for t — > expression f{x + th) is infinitesimal of order higher than n with 
respect to t 

fixo + th) = o(r) 

Proof. When n = 1 this statement follows from equation (4.10). 
Let statement be true for n — 1. Map 

fi{x) = df{x)oh 

satisfies to condition 

/i(xo) = dfiixo) oh = ... = d"-^fi{xo) oh = 



^^1 consider Taylor polynomial for polynomials by analogy with construction of Taylor polyno- 
mial in [9], p. 246. 

^^I explore construction of Taylor scries by analogy with construction of Taylor scries in [9], p. 
248, 249. 
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According to suggestion of induction 

hixo +th) = o{t"-^) 

Then equation (4.9) gets form 

o(t"~^)= lini (t~^f(x + th)) 

Therefore, 

f{x + th) = o(r) 

□ 

Let us form polynomial 

p{x) = f{xo) + (l!)-i9/(a;o) o {x - xq) + ... + (n!)-!^"/^) o (x - xq) 

According to theorem 5.9 

/(xo + t[x - xo)) - piyXo + t{x - xq)) = o(<") 

Therefore, polynomial p{x) is good approximation of map f{x). 

If the mapping f{x) has the Gateaux derivative of any order, then passing to 
the limit n — >■ oo, we get expansion into series 

oo 

/(x) = ^(n!)-ia"/(xo)o(x-xo) 

n=0 

which is called Taylor series. 

5.3. Integral. Concept of integral has different aspect. In this section we consider 
integration as operation inverse to differentiation. As a matter of fact, we consider 
procedure of solution of ordinary differential equation 

df{x)oh^ F{x;h) 
Example 5.10. I start from example of differential equation over real field. 

(5.14) y' = ix^ 

(5.15) xo=0 yo = 

Differentiating one after another equation (5.14), we get the chain of equations 

(5.16) y" = 6x 

(5.17) y'" = 6 

(5.18) y(") =0 n > 3 

From equations (5.14), (5.15), (5.21), (5.22), (5.23) it follows expansion into Taylor 



series 

y = x^ 



□ 
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Example 5.11. Let us consider similar differential equation over algebra 

(5.19) dy = l(»x'^ + x®x + x'^(»l 

(5.20) xo-O yo = 

Differentiating one after another equation (5.19), we get the chain of equations 
9^2;= 1 ®i 1 ®2 a; + 1 (g)i a; ®2 1 + 1 ®2 1 «ii a; 

(5.21) 

+0: (g)i 1 (8)2 1 + 1 (8)2 a; 01 1 + a; ®2 1 ®i 1 
d^y^ 1 8)1 1 (82 1 8)3 1 + 1 «■! 1 «)3 1 (8)2 1 + 1 ®2 1 1 8)3 1 

(5.22) 

+ 1 (83 1 ®1 1 (»2 1 + 1 (82 1 ®3 1 ®1 1 + 1 «)3 1 «)2 1 ®1 1 

(5.23) = n > 3 

From equations (5.19), (5.20), (5.21), (5.22), (5.23) expansion into Taylor series 
follows 

y = x^ 

a 

Remark 5.12. I will write following equations to show how derivative works. 

dy o h ~ hx^ + xhx + x^h 
d^y o (hi; /12) — hih2X + hixh2 + h2hix 
+ xhih2 + h2xhi + xh2hi 
d^y o (/ii; /12; /13) = /11/12/13 + ^1/13^2 + h2hih3 
+ h3hih2 + h2h'ihi + /i3/i2/ii 

□ 

Remark 5.13. Differential equation 

(5.24) dy = i®x^ 

(5.25) a;o = yo = 

also leads to answer y = x^. it is evident that this map does not satisfies differential 
equation. However, contrary to theorem 5.5 second derivative is not symmetric 
polynomial. This means that equation (5.24) does not possess a solution. □ 

Example 5.14. It is evident that, if function satisfies to differential equation 

(5.26) dy = fs-Q ® fs-i 

fs-o e A fs.i e A 
then The Gateaux derivative of second order 

d^f{x) = 

In that case, if initial condition is y(0) = 0, then differential equation (5.26) has 
solution 

y = /s O X fs-i 

□ 
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5.4. Exponent. In this section we consider one of possible models of exponent. 
In a field we can define exponent as solution of differential equation 

(5.27) y'^y 

It is evident that we cannot write such equation for division ring. However we can 
use equation 

(5.28) d{y) oh^y'h 
From equations (5.27), (5.28) it follows 

(5.29) d{y)oh = yh 

This equation is closer to our goal, however there is the question: in which order 
we should multiply y and hi To answer this question we change equation 

(5.30) d{y)oh=]^{:yh + hy) 

Hence, our goal is to solve differential equation (5.30) with initial condition j/(0) = 1. 

For the statement and proof of the theorem 5.15 1 introduce following notation. 
Let 

y hi ... hn 
^a{y) a{hi) ... cr(/i„ 
be transposition of the tuple of variables 

(^y hi ... hn^ 

Let Pa{hi) be position that variable hi gets in the tuple 

{a{y) a{hi) ... cr(/i„)) 
For instance, if transposition a has form 

y hi /i2 /i3 

y hi^ 

then following tuples equal 

(a{y) a{hi) cr(/i2) cr(/i3)) = (/i2 y ft-i) 

P<t(^2) Pa{y) Paihs) Pa{hl) 

Theorem 5.15. If function y is solution of differential equation (5.30) then the 
Gateaux derivative of order n of function y has form 

(5.31) d^{y) o {hi,..., h^)^^J2 ^{y)o{hi).-Ahn) 

a 

where sum is over transpositions 

y hi ... hn 
^a{y) a{hi) ... a{hn) 
of the set of variables y, hi, /i„. Transposition a has following properties 
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(1) // there exist i, j, i ^ j, such that pa{hi) is situated in product (5.31) on 
the left side of p„{hj) and p^{hj) is situated on the left side ofp^{y), then 
i < j. 

(2) // there exist i, j, i ^ j, such that Pa{hi) is situated in product (5.31) on 
the right side of puQij) and pa-{hj) is situated on the right side of pa{y), 
then i > j . 

Proof. We prove this statement by induction. For n = 1 the statement is true 
because this is differential equation (5.30). Let the statement be true for n = k — 1. 
Hence 

(5.32) d'-\y) o {h^, hk^,) = ^ E <y{yMhi)-<7{hk^i) 

(7 

where the sum is over transposition 

y hi ... hk-i 

^a{y) a{hi) ... a{hk-i) ^ 

of the set of variables y, hi, Transposition u satisfies to conditions (1), 

(2) in theorem. According to definition (5.4) the Gateaux derivative of order k has 
form 



9'=(y) o {hi, hk) = d{d''-'iy) o {hi,..., h„^i)) o h„ 

(5.33) 

" 2^- 



fc~T^ ^^cr(2/)CT(/li)...cr(/lfe_i)^ ohk 



From equations (5.30), (5.33) it follows that 

d'^iy) o {hi,...,hk) 
(5.34) 1 1 



-i a{yhk)a{hi)...a{hk-i) + ^ cr{hky)a{hi)...a{hk-i)^ 

It is easy to see that arbitrary transposition a from sum (5.34) forms two transpo- 
sitions 



Tl 



(5.35) 



T2 



y hi ... hk-i hk 

^n(y) Ti{hi) ... Ti{hk^i) Ti{hk)^ 

hkU hi ... hk^i 

^(j{hky) a{hi) ... (T{hk-i) 

y hi ... hk-i hk 

J2{V) T2{hi) ... T2{hk-l) T2{hk) ^ 

yhk hi ... hk-i 

cr{yhk) a{hi) ... (T(/ifc-i) 
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In expression (5.36) Pn (/ife) is written immediately before Pn (y)- Since k is smallest 
value of index then transposition ri satisfies to conditions (1), (2) in the theorem. 
In expression (5.36) PT2(^fc) is written immediately after Pt2(j/)- Since k is largest 
value of index than transposition T2 satisfies to conditions (1), (2) in the theorem. 

It remains to show that in the expression (5.36) we get all transpositions r that 
satisfy to conditions (1), (2) in the theorem. Since k is largest index then according 
to conditions (1), (2) in the theorem T{hk) is written either immediately before 
or immediately after T{y). Therefore, any transposition r has either form ti or 
form T2. Using equation (5.35), we can find corresponding transposition a for given 
transposition r. Therefore, the statement of theorem is true for n = fc. We proved 
the theorem. □ 

Theorem 5.16. The solution of differential equation (5.30) with initial condition 
y{0) = 1 is exponent y = that has following Taylor series expansion 



Proof. The Gateaux derivative of order n has 2" items. In fact, the Gateaux 
derivative of order 1 has 2 items, and each differentiation increase number of items 
twice. From initial condition y(0) = 1 and theorem 5.15 it follows that the Gateaux 
derivative of order n of required solution has form 



(5.37) 





□ 



(5.41) 




n=0 



(5.42) 




(5.43) 
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Let US multiply expressions (5.41) and (5.42). The sum of monomials of order 3 
has form 

(5.44) -a^ + -a^b + -ab^ + -b^ 
^ ' 6 2 2 6 

and in general does not equal expression 

(5.45) l{a + bf = ifl^ + ia^b + ^aba + ^ba^ + ^ab^ + \bab + ^b^a + \b^ 
6 66666666 

The proof of statement that (5.39) follows from (5.40) is trivial. □ 

The meaning of the theorem 5.17 becomes more clear if we recall that there exist 
two models of design of exponent. First model is the solution of differential equation 
(5.30). Second model is exploring of one parameter group of transformations. For 
field both models lead to the same function. I cannot state this now for general 
case. This is the subject of separate research. However if we recall that quaternion 
is analogue of transformation of three dimensional space then the statement of the 
theorem becomes evident. 
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npoH3Bo;];Hafl FaTO h HHTerpaji na^ 6aHaxoBOH ajireGpofi 



AjieKcaHflp KjieiiH 

Ahhotali,M5I. HycTb A - ajire6pa Ha^ KOMMyxaTHBRbiM KOJibLi,OM D. OTo5pa- 
:iKeHHe f : A A jiHHeiiHO, ecjiH flJiH jiio6bix a, b ^ A u jiio6oro c G D 

f o (a -\~ b) = foa-\-fob 
f o (ca) = c f oa 
OyHKLi,HH / : A — > A ^ncJ^^epeHi^npyeivia no FaTO, ecjiH 
f{x 4- a) - fix) = df{x) o a + o(a) 

r^e npoHSBOflHaa FaTO df{x) OTo5pa:a<;eHH5i / - jiHHefiHoe OTo6payKeHHe npH- 
paiu,eHHH a u o - xaKoe HenpepbiBHoe OTo6payKeHHe, "^to 

lim = 

a-^0 \a\ 

HanpHMep 

d(x'^) o h = xh + hx 
d{x~^) oh = —x~^hx~^ 
Hpeflnojiarasi, hto onpe^ejieHa npoHSBOflHaa FaTO d"~^ f{x) nopaflKa n — 1, 
MBi onpe^ejiHM 

d"f{x) o (ai (g) ... ig) an) = d(d^^^ f{x) o (ai (g) ... ig) a„_i)) o a„ 
npoH3BOflHyio FaTO nopsiflKa n OTo6pa>KeHH5i /. Ecjih hi = ... = = h, to 

Mbl nOJ10>KHM 

d"fix) oh = d"f(x) o {hi g) ... (g) 
OyHKLi,HH f{x) HMeeT pasjiojKeHHe b pafl Tefijiopa 

oo 

/(a;) = ^(n!)-ic»"/(xo)o(x-xo) 

n=0 

^H4>4>epeHLi,iiajibHoe ypaBHCHHe nafl tcjiom 

d{y) o h = hx'^ + xhx + x^h 
y{0) = 

HMeeT pemeHHe 

y = x^ 

PemeHHeM /],H4)4)epeHLi,HajibHoro ypaBHeHHH 

d{y)oh = ^{yh + hy) 
y{0) = 1 

HBJiHeTCH 3KcnoHeHTa y = KOTOpaa nivieeT cjie^yiomee pasjio^cenHe b ph^ 
Tefijiopa 



2^^ 

71=0 

PaBeHCTBO 



cnpaBe^jiHBO Tor^a h tojii>ko Tor.z],a, Kor.z],a afo = 6a 
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1. riPEflHCJTOBHE 

B ocHOBe MaTeMaTHHecKoro anajiiisa jie>KiiT bosmojkhoctb jinneiiHoro npnGjin- 
iKeniiH K OToSpaaceHHK), ii ocHOBHBie nocTpoeniia MaTCMaTHHecKoro anajiiisa yxo- 
fliiT KopHSMH B jiHHeHHyio ajire6py. CjieflOBaTejiBHO, npejKfle hcm flasaTb onpe^e- 
jiCHHe /i,H4)4)epeHii,HpyeMoii 4)yHKD;Hii mm flOjiJKHbi noHHTb KaK BbirjiH^HT OTo6pa- 

JKCHHSI, C nOMOmbfcK) KOTOpblX Mbl XOTHM annpOKCHMHpOBaTB nOBe^eHHe HCXOflHOtt 
4)yHKLI,IIH. 

TaK KaK npoiiSBCfleHHe b nojie KOMMyTaTiiBHO, to jiiiHeiiHaH ajireSpa nafl nojieivi 
OTHOCHTejiBHO npocTa. IlpH nepexofle k lejiy, r^e npoH3Be;i,eHHe neKOMMyTaTHB- 
HO, HCKOTopbie yTBepjKfleniis jiHHeiiHOH ajireSpti coxpaHHiOTCH, ho noHBjiaroTCH h 
HOBbie yTBepjKfleHHH, KOToptie MenHKiT jiaHflinaeJ)! jiHueiiHoii ajire6pbi. 

Sflecb s xoHy o6paTHTb BHHManHe na 3BOjiK)n,nK), KOTopyio npcTepnejio noHSTiie 
npoiiSBOflHoii CO BpcMeH HbiOTOHa. Kor^a mbi iisy^^aeM (jpyuKixmi o^hoh nepcMCH- 
Hoii, TO npoiiSBOflHaa b saflaHHOii tohkb HBjiJieTCH hiicjiom. Kor^a mm HsynacM 

4>yHKLI,HK) HeCKOJIBKIIX nepeMCHHIjIX, BblHCHHeTCH, HTO HHCJia HCflOCTaTOHHO. IIpO- 
HSBOflHaa CTaHOBHTCH BeKTOpOM HJIH PpaflHeHTOM. IIpH HSyHCKHH OTo6pa}KeHHH 

BCKTopHBix npocTpaHCTB Mbl BnepBbic roBopHM o npoHSBOflHoii KaK o6 onepaTope. 
Ho TaK KaK 3T0T onepaTop jinHeen, to mm mojkcm npeflCTaBiiTb npoiiSBOflHyro KaK 
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MaTpHii,y. H B 3TOM cjiynae mm MOsceM npeflCTaBHTb BexTop npiipameHiiH 4)yHK]j;HH 
KaK npoHSBCfleHHe MaTpimti npoiiSBOAHOii (MaTpimti 5Iko6h) na bcktop npiipame- 
HiiH apryMeHTa. 

Be3 coMHeHHH, noflo6Hoe noBefleniie npoH3Bo;i,HOH ocjiaGjiaeT naine BHiiMaHHC. 
Kor;i,a mm nepexofliiM k o6'BeKTaM, 6ojiee cjiojkhbim hcm hojih iijih BCKTopHMe npo- 
CTpaHCTBa, Mbi no npejKHCMy nBiTacMCH yBH^eTb 061.6x1, KOToptiii mojkho sanncaTb 
KaK MHOiKHTejib nepcfl npHpamcHneM 11 KOTopMii ot npiipameHiia ne saBiiCHT. 

npeflnojiojKeHHe, hto npoHSBOflHaa OTo6pajKeHHa: / nafl ajire6poH A onpeflcjiena 
paeeHCTBOM 

(1.1) f{x + h)- f{x)^df{x)h + o{h) 

BHa^ajie BtirjiHflHT npHBjieKaTejiBHbiM. Ha nepBbiii 'B3vjirj\ no;i,o6Hoe onpeflejienHe 
yflOBjieTBopaeT KjiaccHnecKHM CBoftcTBaM npoH3BO/i,HOH OTo6pa}KeHHa na^ nojieM. 
OAHaKO npoHSBefleuHe flH4)4)epeHLi,HpyeMbix cjDyHKiiHH, BOoSme roBopa, ne hbjih- 

eTCH flH4)4)epeHLI,HpyeMOH 4)yHKLI,HeH. 3tO npHBO^HT K TOMy, HTO MHOJKeCTBO flHcJ)- 

4)epeHn,HpyeMbix 4)yHKLi;H{t Kpafine Ge^no, a caMa TeopHH flH4)4)epeHn,HpoBaHHH ne 
npeflCTaBjiHeT cepbesHoro HHTepeca. 

IIocKOjibKy ajireGpa sBjiaeTCH MOflyjieM nafl neKOTopbiM KOMMyTaTHBHbiM kojib- 
i],OM cymecTByeT ^Ba nyiH HsynenHH CTpyKTyp, nopojKfleHHbix na^ ajire6poH.^ 

EcjiH ajire6pa hejihctch cbo6o;];hmm MO/i,yjieM, to mm mo^kcm Bbi6paTb 6a3iic 11 
paccMaTpHBaTb Bce onepan,HH b KOop/i,HHaTax OTHOCHTejibHO 3a/i,aHHoro 6a3Hca. Xo- 
TH 6a3nc MOJKeT SbiTb npoH3B0JibHMM, MM MOJKeM Bbi6paTb HaH6ojiee npocTOH 6a- 
3HC c TOHKH speHHH ajire6painecKiix onepaii,HH. 3tot no;i,xo;i, HMeeT 6e3 coMHenHH 
TO npcHMymecTBO, ^^to mm pa6oTaeM b KOMMyTaTHBHOM KOjibLi,e, r^e Bce onepan,HH 
xopoino HsyneHM. 

PaccMOTpeHHe onepaii,HH b ajire6pe He3aBHCHM0 ot Bbi6paHHoro 6a3Hca flacT 
B03M0>KH0CTb paccMaTpHBaTb sjieMCHTM ajire6pM KaK caMOCTOHTejibHbie o6T.eKTbi. 
OflHaKO HeKOMMyTaTHBHOCTb npoHSBefleHHH b ajire6pe nopo^K^aeT neMajio TpyflHO- 
CTeft Ha 3TOM nyTH. 

EcjiH onpe/i,ejieHHe npoH3BOflHOii (1.1) orpaHHHHBacT namy bosmomchoctb ii3y- 
HeHHH noBe;i,eHHH OToGpajKeHHii b MajiOM, cymecTBycT jih ajibTepnaTiiBa? Otegt na 
3TOT Bonpoc nojiojKHTejibHMH. Mbi ii3yT^aeM MaTeMaTHHecKiiii aHajiH3 b ajire6pe, 
KOTopaa HBjiHeTCH HopMnpoBanbiM Mo;i,yjieM. Mm 3HaeM flBa Tuna npoH3BOflHMx b 
HopMHpoBaHHOM npocTpaHCTBe. CHjibHaa: npoHSBOflHaa hjih npoH3BOflHaH Opeme 
HBjiHeTCH anajioroM npoH3BOflHOH (1.1). IIomhmo CHjibHoii npoiiSBO/^Hoii cymecTBy- 
eT cjia6aH npoH3BOflHaa: hjih npoH3BOflHaa: FaTO. OcHOBHaa: Hflea coctoht b tom, 
HTO flH4)(J)epeHLi,Haji moskct saBHceTb ot nanpaBjieHHs. 

^J\nsi HayqreHHH onepaLi,HH flH4)4>epeHLi,HpoBaHHH b ajire5pe cymecTByeT eme OflHH MeTOfl H3y- 

Mei-IHH. BblflejIHB HeKOTOpOe MHO^KeCTBO 4)yHKLl,HH, Mbl MOJKCM OnpCflejIHTb ^Hcl)4)epeHLi,najibHbie 

onepaTopbi, ^eHCTByiOLu,He na stom MHO>KecTBe ([1], c. 301). 

HanpHMep, b CTaxbe [13] JlroflKOBCKHH paccmaTpHBaeT flH4><l>epeHi;HajibHbie onepaTopbi a 
&^ B anre6pe Ksjih - /^HKCona TaKne, hto 

dzZ = 1 dzZ = 
92-2 = dzZ = 1 

PaccMaTpiiBaa 3a.z],aHHbie CBOiiCTBa flH4)4)epeHLi,najibHoro onepaxopa, JIiOflKOBCKHH Hsy^aex ero 
CTpyKTypy. 

HayMCHHe onepaTopa .z],H4)4)epeHLi,HpoBaHHH c pasHbix tomck 3peHii5i flacT Sojiee rjiySoKoe SHa- 
Hiie H 51 nojiaraio b 6yflyii],eM paccMOTpexb cbr3b meyKfly pasHbiMii noflxo^aMH k tcophh flH4)4)e- 

peHU,HpOBaHH5I . 
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AjieKcaHflp Kjichh 



Ajire6pa A HBjiaeTCH MO^yjieM na^ KOMMyTaTHBHbiM kojibiiom D. Ecjih mbi ocjia- 
6hm onpeflejieniie npoHSBO^HOH ii noTpe6yeM, ^to npoH3Bo;i,HaH OToSpajKCHHa / 
HBjiaeTCH jiHHeHHBiM OTo6pajKeHHeM MOflyjiH A, TO Mbi yBHflHM. HTO no KpaiiHeii 
Mepe nojiHHOMbi b ajire6pe A aBjiaroTCH ;i,H4)4)epeHi];HpyeMijiMH OTo6pajKeHHaMH. 
OnpeflejieHHaa TaKHM o6pa30M nponsBOflHaa o6jia;],aeT MHornMH CBoftcTBaMii npo- 
HSBOflHoii OTo6pa}KeHiiH nafl nojieM. CjieflOBaTCjibHO, b ajire6pe H3-3a HCKOMMyTa- 
THBHOCTH yMHOJKeHHH fliK^x^epeHi^Haji 4)yHKii,HH HMseT cjiaraeMbie BH^a 

(1.2) adxb 

H MBI He MOJKCM SaHHCaTB ^^HcJxJjepeHItHajI 0T06pajKeHHS B BHfle npOH3Be/I,eHIIH 

npoHSBOflHOH H fliH^x^epeHi^Hajia apryMCHTa. 

FaMiijibTOH 6biji nepBBiM, kto paccMOTpeji /i,H4)4)epeHn,Haji OToGpajKCHHa b aji- 
re6pe KBaTepHHonoB ([11])- noBH^HMOMy, ero pesyjibTaTbi 6bijiii nacTOJibKO Heo6biH- 
Hbi, HTO fljiH ero coBpeMCHHHKOB 6bijio TpyflHO BOcnpHHHTb 3Ty HflCK) raMHjibTona 
H nocjieflyromne noKOJiCHHH 3a6bijiH sto HCCjie;],OBaHiie.^ 

IIpoGjieMa HeB03M0JKH0CTH pa3flejiHTb npoH3B0flHyio h flncJxJjepeHiiHaji nacTOjib- 
KO cepbe3Ha, hto Korfla FaTO onpe^ejinji cjiaSoe ^HcjDcJjepeHi^HpoBaHHe, oh paccMaT- 
pHBaji npoH3BOflHyK) tojibko b tom cnynae, Kor^a oh mop Bbi^ejiHTb npHpameHHe 
apryMCHTa KaK coMHOJKHTejib. 

0;i,HaK0, HacKOjibKO cepbe3HO sto npenjiTCTBHe? npoH3BOflHaH - sto OToSpajKe- 
HHe flHcJxJjepeHD^Hajia apryMenia b /i,H4)4)epeHn,Haji (J)yHKu,HH. /^pyrnMH cjiOBaMH, 
npoH3BOflHaa - sto HeKOTopbiit ajiropHTM, na Bxofl KOToporo mm bbo^hm flHejDcjjepeH- 
D;Haji apryMBHTa, a na Bbixofle mm nojiy^aeM flH4)4)epeHn;Haji 4)yHKD;HH. Ecjih mm 
paccMOTpHM 4)yHKn;H0HajibHyio 3aHHCb fljiH jiHHefiHoro OTo6pa}KeHHH, a hmchho 

/ox = f{x) 

TO MM MOsceM (JjopMajibHO BMflejiHTb H3 HpoH3B0flH0H ^HcJxjpepeHH^Haji apryMBHTa 
H cflejiaTb 3anHCb flH4)4)epeHn;Hajia 4)yHKn,HH 

dfix){dx) 

6ojiee 3HaKOMOH, a hmchho 

df{x) o dx 

TeH3opHoe npoH3BefleHHe ajireSp H03B0jiHeT hbho 3anHcaTb CTpyKTypy npoH3BOfl- 
HOH KaK onepaTopa. 

KpoMe Toro. HOBaa 3anHCb H03BOjiHjia ynpocTHTb MHorne Bbipa^KenHH. Hanpn- 
Mep, BbipajKeHHe 



•"B CTaTbe [14] paccMOTpeHHa npoH3Bo;];HaH FaTO OTo6pa?KeHHfi MO^iyjiefi na;]; KOMMyTaTHBHbiM 
KOJi£>Li,OM. TaK KaK npOHSBCfleHHe KOMMyxaTHBHO, TO yTBepyKfleHHs B CTaTte 6jih3kh k yTBep^Kfle- 
HHHM KJiaccHMecKoro MaTeMaTH"^ecKoro anajiHsa. npOHSBOflHan onpeflejiena KaK OTo5pa»ceHHe 
^H(J)4)epeHLi,Hajia apryMenTa b ^H(i)4)epeHLi,Haji (J)yHKLi,HH. 
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npHo6peTaeT 4)opMy 

df{x)o°dx ~ 

V dx^ 



^df\x)o°dx^ 

ydnx)o°dxj 
^ dx^ 
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TaKace kek h b cjiynae OTo6pajKeHiifl: na^ nojiCM, /i,H4)4)epeHLi,Haji OTo6pa>KeHHH 
Hafl ajire6poH HBjiaeTCH MHoroHjienoM nepBoii CTenenn OTHOCHTejibHO npiipameniiH 
apryMCHTa. CipyKTypa nojiHHOMa na/i, tcjiom OTjiinaeTCH ot CTpyKTypBi nojiiiHOMa 
Hafl nojiCM. 51 paccMaTpuBaio neKOTopbie CBOftcTBa nojiiiHOMa b pasflejie 5.2. Onn- 
paacb Ha nojiyHenHbie pesyjiBTaTbi, h Hsynaio pasjiojKeHne OToGpajKenHH b pa/i, 
Teftjiopa H MCTOfl pemenHH flH4)4)epeHii,najibHoro ypaBHeHHs. 

2. COrJTAUIEHHfl 

CorjiameHHe 2.1. (PyuK'nusi u omoOpaMceHue - cuhohumu. OdnaKO cymecmeyem 
mpaduVjUsi coomeemcmeue MCOtcdy K0Avu,aMU uau eenmopHUMU npocmpaHcmeaMU 
Hasueamb omo6pacnceHueM, a omo6pacHceHue noAJi deucmeumen'bHux hucca uau 
aAze6pu KeamepHUOHoe Hasueamb (^yHKU,ueu. H moatce CAedym amou mpaduv^uu, 
xorriM ecmpeuaemcfi meKcm, e KomopoM hcmcho, KaKOMy mepMuny nado omdanib 
npednoumeHue. □ 

CorjiameHHe 2.2. B eupaotcenuu euda 

Qs-oxas.i 

npednoAazaemcfi cyMMa no undeKcy s. □ 

CorjiameHHe 2.3. Uycmb A - ceo6odHaH kohbuho Mepi-ian aAze6pa. Upu pasAO- 
otcenuu DAeMenma aAze6pu A omHocumeAbHO 6a3uca e mu noAbaycMcsi odnou u 
moil otce Kopneeou 6yKeou Sah o6o3HaHeHUJi smozo SAeMenma u ezo Koopdunam. 
OdnaKO e aAze6pe ne npuHsimo ucnoAbaoeamb eeKmopnue o6o3HaueHUH. B eupa- 
oiceHuu ne mcho - 3mo KOMnoHenma paaAODtceHusi SAeMewma a omHocumeAbHO 
6a3uca uau smo onepau,usi eoaeedenuH e cmenenb. /(aji oBAezncHUfi umenufi mcK- 
cma MU 6ydeM undeKC aAeMenma aAzeOpu eudcAMiTib %eemoM. HanpuMep, 



□ 



CorjiameHHe 2.4. Ecau ceoSodnan KOHeuHOMepnaH aAze6pa UMeem eduHuu,y, mo 
MU 6ydeM omomcdecmeAJimb ecKmop 6a3uca eg c eduHuu,eu aAze6pu. □ 

CorjiameHHe 2.5. Ecau e ncKomopoM eupaatcenuu ucnoAbsyemcji necKOAbKO one- 
paUjUU, cpedu Komopux ecmb onepau,usi mo npednoAazaemcfi, umo onepau,uji o 
eunoAHSiemcfi nepeou. Huotce npueeden npuMep dKeueaAenmnux eupajtceHuil. 

f oxy = f{x)y f o (xy) = f{xy) 

fox + y=f{x) + y f o{x + y) = f{x + y) 
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AjieKcaH/^p Kjichh 



□ 

Be3 coMHCHHH, y ^iiiTETejia MoryT GtiTb Bonpocti, saMenanHH, BOspajKeniM. 51 
6yfly npH3HaTejieH jiio6oMy OTSbisy. 

3. JIHHEHHOE OTOBPAJKEHHE AJirEBPbl 

3.1. Moflyjib. 

TeopeMa 3.1. Uycmti jcoyibi^o D UMeem eduHuv,y e. IIpedcmaeAeHue 

(3.1) f ■.D^*A 

KOAbv^a D 6 a6eAeeoii apynne A acJxJjeKTHBHO mozda u moAtKO mogda, Kozda U3 
paeeiicmea f{a) ~ CAedyem a ~ 0. 

floKaaameA'bcmeo. CyMMa npeoSpaaoBaHHH f vl g aSejiesoH rpynnBi onpe/i,ejiHeTCH 
corjiacHO npasHjiy 

{f + g)oa = foa + goa 
HoaTOMy, paccMaTpHBaji npe^CTaBjieniie KOjibi^a D b aSejiCBoii rpynne A, mbi no- 
jiaraeM 

/(a + b) o X ~ f{a) o X + f{b) o x 
HpoHSBefleHHe npeo6pa30BaHHH npe;i,CTaBjieHiM onpe;i,ejieHO corjiacHO npaBHjiy 

f{ab)^ f{a)of{b) 
EcjiH a, b ^ R nopojKflaiOT oflHO ii to jkc npeoGpasosaHHe, to 

(3.2) f{a)om = f{b)om 

pjiii jiioGoro TO G A. Hs paBencTBa (3.2) cjie^yeT, ^ito a — b nopo^K^aeT nyjiCBoe 
npeo6pa30BaHHe 

/(a — 6) o TO = 

Bjicmcht e + a — b nopojKflaeT TOJKflecTBenHoe npeoSpasosaHHe. Cjie;i,OBaTejibHO, 
npeflCTaBjieHHe / scJxJseKTiiBHO Tor^a h tojibko Tor^a, Kor^a a = b. □ 

Onpe/i;ejieHHe 3.2. IlycTb D - KOMMyTaTHBHoe KOjibD;o. A - MOflyjiB na^ KOJib- 
Li;oM D, ecjiH A - a6ejieBa rpynna ii onpe^ejieHO 34)4)eKTHBHoe npe;i,CTaBjieHHe 
KOjibLi,a D B a6ejieB0H rpynne A. □ 

Onpe/i;ejieHHe 3.3. Mhojkcctbo BeKTopoB e = {ei,i G /) - I?*-6a3HC MOflyjiH, 
ecjiH BeKTopbi ei DTk-jinnefiHO nesaBHCHMbi h flo6aBjieHHe jiK)6oro BCKTopa k STOii 
CHCTCMe flejiacT STy cncTeMy D^-jiHHenno saBHCHMoii. A - CBo6o/i,HbiH MO/i;yjii> 
HEi^ KOJibLi,OM D, ecjiH A HMeeT 6a3HC nafl KOjibn,OM D.'^ □ 

TeopeMa 3.4. Ilycmb A - ceoCodnuu ModyAh Had KOAt>v,oM D. KoopduHamu 
eenmopa a ^ A fieAsiwmcsi KoopdunamaMU D-anaHHOZO KOHmpaeapuaHmmo men- 
3opa 

(3.3) = Aia'^ 

•^51 cjie^yKi onpeflejieHHKj b [1], c. 103. 
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/l^oKasameAbcmeo. IlycTt e' - flpyroit 6a3HC. IlycTb 

(3.4) e', = ejA^ 

npeo6pa30BaHHe, OToGpajKaiomee Gaanc e b Gasnc e'. Tax Kax bcktop a ne MeHHCTCH, 

TO 

(3.5) a = e-a'^ = ej-aJ 
Ha paseHCTB (3.4) h (3.5) cjie^yeT 

(3.6) ejcr' =ey^ = e.jA'.a'^ 

TaK KaK BCKTopbi ej jthhchho HesaBiiCHMbi, to paBencTBO (3.3) cjie^yeT h3 paBen- 
CTBa (3.6). CjieflOBaTCjibHO, KOMnoHenTbi BeKTopa hbjihiotch TensopoM. □ 

Cjieflyiomee onpeflejieniie HBjiaeTCH cjieflCTBneM onpeflejieHHfl: 3.2 h [3] -2. 2. 2. 

Onpe/i;ejieHHe 3.5. IlycTb Ai - Mopyjib na^ kojibi^om Ri. IlycTb A2 - mo^jib na/i, 
kojibd;om i?2. Mop4)H3M 

[f ■.Ri^R2,g:Ai^A2) 

npeflCTaBjieHHH K0jiBii,a i?i b aSejieBofi rpynne Ai b npeflCTasjieHHe K0jibii,a i?2 b 
a6ejieB0H rpynne A2 naabiBaeTCfl; jiHHeiiHbiM OToGpsLaceHHeM i?i-MOflyjiH Ai b 

i?2-MOflyjlb A2- □ 

TeopeMa 3.6. JIuneuHoe om.o6pamceHue 

if ■.Ri^R2,g:Ai^A2) 
Ri-ModyAM Ai 6 R2-Modyjib A2 ydoeAemeoptiem paeeHcmeaM^ 

(3.7) go{a + b)~goa + goh 

(3.8) g ° ipa) ^ U o p){g o a) 

(3.9) fo{pq)^{fop){foq) 

a, 6 G Ai p,q G Ri 

/(oKasameAtiC'meo. Hs onpeflejienHii 3.5 h [3]-2.2.2 cjieflyeT, hto 

• OTo6pa>KeHHe / HBjiaeTCH roMOMopcJsnsMOM K0jibn,a Ri b KOjibn,o R2 (pa- 
BencTBO (3.9)) 

• OTo6pa>KeHHe g HBjiaeTCH roMOMopcjDHSMOM aSejieBoii rpynnbi Ai b a6ejieBy 
rpynny A2 (paBencTBO (3.7)) 

PaBencTBO (3.8) cjie^yeT h3 paBcncTBa [3]-(2.2.3). □ 

CorjiacHO TeopeMC [3]-2.2.18 npn HsyHennn jiHHeiiHbix OToGpajKeHnii, ne napy- 
maa o6m;HOCTH, mbi MOJKeM nojiaraTb i?i = R2. 



"^ripe/^jiaraeMbie paBencTBa b KjiaccH^ecKofi sanHCH iiivieiOT BnojiHe SHaKOMBifi bii^ 

g{a + b)= g(a) + g(h) 

aipa) = f{p)g{a) 
fipq) = 

a,b G Ai p,q a Ri 
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AjieKcaHflp Kjichh 



Onpe/i,ejieHHe 3.7. IlycTb Ai m A2 - Mo;i,yjiH nafl KOJibu,OM D. Mop4)H3M 

npeflCTEBjieHHa KOjibi^a D b aSejiCBOfi rpynne Ai b npeflCTEBjieHHe KOjiBLi;a D b 
a6ejieB0H rpynne A2 nasbiBaeTCH jiHHeHHfaiM OToGpcLaceHHeM D-MOflyjia Ai b 
D-MOflyjib A2. □ 

TeopeMa 3.8. JIuneuHoe omoSpaDKenue 

f -.Ai-^ A2 

D-ModyAR Ai 6 D-ModyAb A2 ydoeAemeopsiem paeeHcmeaM' 

(3.10) fo{a + b) = foa + fob 

(3.11) f o (pa) = pif o a) 

a,b e Ai p e D 

floKaaameAbcmeo. Hs onpeflejienna: 3.7 h TeopcMbi [3]-2.2.18 cjie^yeT, nio oto6- 
pajKenne g HBjiaeTca roMOMopcjjHSMOM aGejieBon rpynnti Ai b a6ejieBy rpynny A2 
(paBencTBO (3.10)) PaBencTBO (3.11) cjie^yeT ns paBencTBa [3]-(2.2.44). □ 

Onpe/i;ejieHHe 3.9. IlycTb D - KOMMyTaTHBHoe KOjibn;o. IlycTb Ai, Am S - D- 
MO/iyjiH. Mbi 6y/i,eM naabiBaTb OTo6pa}KeHHe 

/: ^1 X ... X An S 

nojiHjiHHeiiHbiM OTo6pa>KeHHeM MO/i;yjieH Ai, An b MO^yjib S, ecjin 

/ o (ai, ...,ai + 6i, a„) = / o (ai, fli, ...,a„) + / o (ai, 6i, a„) 

/ o (ai, ...,pai, a„) = p/ o (ai, ai, ...,a„) 

l<i<n ai,bi Ai p E D 

□ 

3.2. Ajire6pa na/i; KOJibLi;oM. 

Onpe/i,ejieHHe 3.10. IlycTb D - KOMMyTaTHBHoe KOjibLi,o. ITycTb A - MO^yjib nafl 
KOJibu,OM D. JXnsi 3a/i,aHHoro GnjinnefiHoro OTo6pa>KeHHa 

f:AxA^A 

Mbi onpeflejiHM npoHSBeflenne b A 

(3.12) ab = fo{a,b) 

A - ajire6pa hei^ KOJibi];oM D, ecjin A - D-MOf\ym> n b A onpe;i,ejieHa onepau^na 
npon3Be;i;eHHa (3.12). Ajire6pa A* nasbmaeTca ajireGpoii, npoTHBonojio>KHoii 

ajire6pe A, ecjin b MO^yjie A onpeflejieno npoHSBeflCHHe corjiacno npaBajiy*" 

ba ~ f o (a, b) 



■^B KjiaccHHecKOH aanHCH npHBefleHHbie paBencTBa mvieiOT bh^ 

/(a + b) = f{a) + f{b) 
/(pa) = p/(a) 

a, b 6 Ai p e -D 

B HeKOTopbix KHHrax (nanpHMep, [1], c. 94) TeopeMa 3.8 paccMaTpHBaeTCH KaK onpeflejieHHe. 
*^OnpeflejieHHe flaeo no anajiorHH c onpe/;ejieHHeM [5|-2, c. 19. 
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EcjiH A HBjiaeTCH CBo6o;i,HbiM D-MO^yjiCM, to A nasMBaeTCH cbo6o/],hoh £uire6- 
poft Ha/i, KOJiBn,OM D. □ 

SaMeuanue 3.11. Ajire6pa A ii npoTHBonojiojKHaa eii ajire6pa coBna^aiOT xax mo- 
AyjiH. □ 

TeopeMa 3.12. UpouaeedeHue e aAze6pe A ducmpu6ymueHo no omHomeHum k 
CAOCHceHum. 

/loKaaameA'bcmeo. yTBepjKfleHiie TeopcMBi cjie^yeT h3 Li;enoHKH paBencTB 
(a + b)c = f o (^a + b, c) = f o [a, c) + f o (^b, c) ^ ac + be 
a(b + c) = f o {a,b + c) = f o [a,b) + f o [a,c) = ab + ac 

□ 

HpoHSBefleHHe b ajire6pe mojkct Gbitb hh KOMMyTaTHBHbiM, hh accoLi,HaTiiBHbiM. 
CjieflyiomHe onpe^ejienHH ocHOBaHti na onpe;i,ejieHHHx, flaHHbiM b [10], c. 13. 

Onpe/i;ejieHHe 3.13. KoMMyxaTop 

[a, b] ~ ab — ba 

cjiyjKHT Mepoii KOMMyiaTHBHOCTH B D-ajire6pe A. Z3-ajire6pa A nasbiBaeTCH kom- 
MyTaTHBHoii, ecjin 

[o, b]=0 

□ 

Onpe/i,ejieHHe 3.14. AccoLi;HaTop 

(3.13) {a,b,c) ^ {ab)c~ a{bc) 

cjiy>KHT Mepoii accoi^naTHBHOCTH b Z?-ajire6pe A. D-anreGpa, A nasbiBaeTCH acco- 

I];HaTHBHOH, eCJIH 

(a, b,c) = 



□ 



TeopeMa 3.15. Uycnib A - aAze6pa Had KOMMymamueHUM KOAhv^oM DJ 
(3.14) a{b, c, d) + (a, 5, c)d = (ab, c, d) — (a, be, d) + (a, 6, cd) 

Bam ak)6ux a, b, c, d £ A. 

/^OKaaameAbcmeo. PaBencTBO (3.14) cjie^yeT h3 D;enoHKii paBencTB 
a{b, c, d) + (a, 6, c)d = a{{bc)d — b{cd)) + {{ab)c — a(bc))d 

= a{{bc)d) - a{b{cd)) + {{ab)c)d - {a{bc))d 
= {{ab)c)d - {ab){cd) + {ab){cd) 
+ a{{bc)d) - a{b(cd)) ~ {a{bc))d 

= {ab, c, d) - {a{bc))d + a{{bc)d) + {ab){cd) ~ a{b{cA)) 
= (ab, c, d) — (a, (be), d) + (a, b, cd) 



□ 



^YTBep^KfleHHe TeopeMbi onHpaeTCH na paBencTBO [10]- (2.4). 
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AjieKcaHflp Kjichh 



Onpe/i,ejieHHe 3.16. ilfspo £'-ajire6pbi A - sto MHOJKecTBO** 

N{A) = {a e A : V6, c e A, (a, 6, c) = (6, a, c) = (6, c, a) = 0} 

Onpe/i;ejieHHe 3.17. Il^eHTp £'-ajire6pbi A - sto MHOJKecTBO^ 
Z{A) = {aeA:ae N{A),\fb eA,ab^ ba} 



□ 



□ 



TeopeMa 3.18. Uycm'b D - KOMMymamueHoe jcoyibt^o. Ecau D-aAze6pa A UMeem 
eduHuv,y, mo cymecmeyem u30Mop(fiu,3M f KOAbv^a D e v,eHmp aAze6pu A. 

floKaaameAbcmeo. IlycTb e £ A - eflHHHn,a ajire6piji A. IIojiojkhm f o a = ae. □ 

IlycTij e - 6a3HC CBo6oflHOH ajire6pi>i A nafl KOJibn,OM D. Ecjih ajire6pa A HMeeT 
eflHHHn,y, nojiojKiiM cq - eflHHima ajire6pM A. 

TeopeMa 3.19. Uycmb e - Baauc ceoSodnou aAze6pu A Had KOAbv,OM D. Uycmb 

a = a*e,; b = Vei a,b £ A 
UpouaeedcHue a, b mochcho noAynumb cozAacHO npaeuAy 

(3.15) {abf = C'ija'V 

zde C^j - CTpyKTypHBie KOHCTaHTBi ajire6pbi A na^ kojibi];om D. ITpouaee- 
denue 6a3ucHux ecKmopoe e aAze6pe A onpedeACHO cozAacHO npaeuAy 

(3.16) e,e, = C^-e^ 

/l^oKasameAbcmeo. PaBencTBO (3.16) HBjiaeTCH cjieflCTBiieM yTBepjKfleHiiH, hto e 
HBjiHeTCH 6a3HCOM ajire6pBi A. TaK KaK npoHSBefleHiie b ajire6pe HBjiaeTCH 6hjih- 
HeiiHbiM OTo6pa}KeHHeM, to npoHSBefleHHe a h 6 mo>kho samicaTb b Biifle 

(3.17) ab = a^VeiCj 
Ha paBencTB (3.16), (3.17), cjie^yeT 

(3.18) ab=aVC^jek 

Tax KaK e HBjiaeTCH GasHCOM ajire6pbi A, to paBencTBO (3.15) cjieflyeT h3 paBCHCTBa 

(3.18) . □ 

TeopeMa 3.20. Ecau aAze6pa A KOMMymamueHa, mo 

(3.19) C^^i=C]i 
Ecau aAze6pa A accoVjUamuena, mo 

(3.20) Cf.C^pu=ClCf, 

floKaaamcAbcmeo. J\jiR KOMMyTaTHBHoii ajire6pbi, paBCHCTBO (3.19) cjie^yeT h3 pa- 
BeHCTBa 

fljiH accoii;HaTHBHOH ajireSpbi, paBCHCTBO (3.20) cjie^yeT h3 paBCHCTBa 



(eiej)efc = ei{ejek) 



□ 



^OnpeflejieHHe ^aHO Ha 6a3e aHajiorHMHoro onpe^ejieHHH b [10], c. 13 
^Onpe^ejieHHe ;^aHO na 6a3e aHajiorHMHoro onpe^ejieHiiH b [10], c. 14 
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3.3. JlHHeiiHoe OTo6pa:>KeHHe ajire6pti. Ajire6pa aBjiaeTca KOjibLi;oM. Oto6- 
pajKeHiie, coxpatiHiomee CTpyKiypy ajire6pi>i KaK KOjii>Li;a, nasbiBaeTca roMOMop- 
4)ii3MOM ajire6pi>i. OflnaKO ^jih nac sajKHee yTBep^Kfleniie, ^^to ajire6pa sBjiHeTca 
MO^yjieM Hafl KOMMyTaTHBHbiM KOjibii,OM. OToSpajKeHiie, coxpaHHiomee CTpyKiy- 
py ajire6pbi KaK MO^yjiH, nasBiBaeTca jiiiHeiiHBiM OTo6pajKeHiieM ajire6pbi. TaKHM 
o6pa30M, cjieflyiomee onpeflejieniie onnpaeTCH na onpeflejieHne 3.7. 

Onpe/i;ejieHHe 3.21. IlycTb Ai ti A2 - ajire6pBi na^ kojibii,om D. Mop4)H3M 

/ : Ai ^ A2 

npeflCTaBjiCHHa KOjibu^a D b aGejieBoii rpynne Ai b npeflCTaBjieHHe KOjiBLi;a D b 
aGejiCBoii rpynne A2 HasHBaeTCH jiHHeiiHbiM OTo6p£L>KeHHeM £'-ajire6pbi Ai 
B £'-ajire6py A2. OSoanaHiiM C{Ai; A2) MHOJKecTBO jinHennbix OToGpajKennn 
ajire6pbi Ai b ajire6py A2. □ 

TeopeMa 3.22. JIuneuHoe omo6pamceHue 

f:Ai^A2 

D-aAze6pu Ai e D-aAze6py A2 ydoeAemeoptiem paeencmeaM 

/o(a + 6) = /oa + /o5 
(3.21) ^ / o (pa) ^pf oa 

a,b e Ai p e D 

/loKaaameAbcmeo. CnepfiTBue TeopcMbi 3.8. □ 

TeopeMa 3.23. PaccMompuM D-aAze6py Ai u D-aAze6py A2. Uycmb omo6pa3tce- 
Hue 

f:Ai^A2 

RBAfiemcsi MuneuHUM omo6pacitceHueM. Tozda omo6pacHceHUJi af, fb, a, b £ A2, 
onpedeJieuHue paeeHcmeaMu 

{af) o X ~ a f o X 
{fb) o X ^ f o X b 

maKotce MBAjnomcji AuneuHUMU. 

/(oKasameMbcmeo. yTBepjKfleHiie TeopcMBi cjie^yeT h3 ii;enoHeK paBencTB 
{af) o [x + y) =a f o [x + y) = a {f o x + f o y) = a f o x + a f o y 
= {af)ox+ {af)oy 
{af) o {px) =a f o {px) ~apfox=pafox 
=p {af) o X 

{fb) o{x + y)=fo{x + y)b={fox + foy)b^foxb + foyb 
Hfb)ox+{fb)oy 
{fb) o {px) =f o {px) b = p f oxb 
=p {fb) o X 

□ 
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TeopeMa 3.24. PaccMompuM D-ame6py Ai u D-aAze6py A2. Uycmh omo6paMce- 
Hue 

HGAfiemcsi MUHeuHUM omoGpaomeHueM. Tozda / o = 0. 
floKasameA'bcmeo. CjieflCTBHe paBencTBa 

/(a + 0) = /(a) + /(0) 

□ 

3.4. ITojiHJiHHeiiHoe OTo6pa>KeHHe ajire6pbi. 

Onpe/i;ejieHHe 3.25. IlycTb D - KOMMyTaTHBHoe accoD,HaTHBHoe KOjii>ri,o. IlycTB 
Ai, An - £)-ajire6pbi 11 S - D-MOjxyjib. Mb: 6y;i,eM nasBiBaTB OToSpajKeniie 

/ : Ai X ... y. An^ S 

nojiHJiHHeHHBiM OTo6pa:»ceHHeM ajire6p Ai, A„ b Mo;i,yjiB 5', ecjiH 

/ o (ai, ...,aj + hi, ...,a„) = / o (ai, ...,0^, ...,a„) + / o (oi, ...,a„) 

/ o (oi, ...,_pai, a„) = pf o (ai, a,;, ...,a„) 

1 < i < n ai,bi £ Ai p £ D 

05o3HaHiiM C{Ai, An] S) MHO»cecTBO nojiHjiHHeiiHBix OTo6pajKeHHii ajire6p Ai, 
An B MOflyjib S. OGosHa^iHM £(A";S') MHOJKecTBO n-jiHHefiHbix OTo6pa}KeHHH 
ajire6pBi A {Ai = ... = An = A) b MO^yjib S. □ 

TeopeMa 3.26. Ilycmb D - KOMMymamueHoe accov,uamueHoe KOJibi^o. Uycrrib Ai, 
An - D-ame6pu u S - D-ModyAb. Uycrrib omo6paMceHusi 

/ : Ai X ... X ^„ ^ 5 
5 : Ai X ... X An S 

RBAfiwmcfi noAUAUHeuHUMU omo6pacHceHUJiMU. Tozda omo6pacHceHue f + g, onpe- 
dcACHHoe paeeHcmeoM 

if + 9) ° (ai, ..-,0,1) = / o (ai, •.■,a„) + go (ai, ...,a„) 
maKCHce sieAfiemcsi noAUJiuneuHUM. 

floKaaameAbcmeo. YTBepiKfleHHe TeopcMbi cjieflycT h3 i^enoneK paBencTB 
(/ + 5) ° {xi,...,Xi + yi, ...,x„) 
=/ o (a;i, + yi, ...,a;„) + g o (xi, + y,, ...,x„) 
=/o (a;i,...,Xj,...,a;„) + /o (xi, yi, x„) 
+5 o (xi, ...,a;i, ...,x„) + .g o (xi, ...,a:„) 
= (/ + .9) ° Xi, x„) + (/ + g) o [xi, y^, Xn) 

if + g) O {xi,...,pXi,...,Xn) 

=/o (xi, ...,pa;j, ...,x„) +go {xi, ...,pxi, ...,Xn) 

=p/o (xi, ...jXj, ...,X„) +p.go {xi,...,Xi,...,Xn) 
=p{f O {xi,...,Xi,...,Xn) +go {xi,...,X^,...,Xn)) 
^P{f + 9)° {Xl, ■■■,Xi, ...,Xn) 

□ 
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Cjie/j,CTBHe 3.27. PaccMompuM aji2e6py Ai u aAze6py A2. Uycmt) omoOpa^tccnuH 

g:Ai^A2 

MBAJiKjmcji MuneuHUMU omo6pajtceHUJiMU. Tosda omo6pacHceHue f + g, onpedeACH- 
Hoe paeeiicmeoM 

{f + g)oa = foa + goa 
maKCHce sieAfiemcsi AuneuHUM. □ 

TeopeMa 3.28. Ilycmb D - KOMMymamueHoe accov,uamu6Hoe KOAhi^o. Uycmb Ai, 
An - D-ame6pu u S - D-ModyAb. Uycmb omo6pa3tceHue 

f : Aix ...X An S 

MBAJiemcji noAUAUHCUHUM omo6pa3tceHueM. Tozda omo6pacnceHue pf , p G D, onpe- 
deACHHoe paeencmeoM 

{pf) ox^p J ox 

maKMCe sieAfiemcsi noAUAuneuHUMU. Upu smoM eunoAHJiemcji paeencmeo 

p{qf) = ipq)f 

{p + q).f=pf + qf 
/l^oKasameAbcmeo. yTBepjKfleHiie TeopeMbi cjieflyei h3 Li;enoHeK paseHCTB 
{pf) ° {xi, ■■■,x.i + yi, ...,Xn) =P f o {xi, ...,Xi + yi, ...,a;„) 

=P (/ °{xi,.:,x,, ...,Xn) + / o (xi, ...,x„)) 

=P f ° {Xl, ...,Xi,...,Xn) +P f O {Xi, ...,y,, ...,Xn) 
= {pf) O {Xl, ■■■,Xi, ...,Xn) + {pf) O {Xl, ...,yi, ...,Xn) 

(pf) o (xi, ...,qXt, ...,x„) =p f o {xi, ...,qxi, ...,x„) ^ pq f o (xi, ...,Xi, ...,a;„) 

=qp f O {xi, ...,Xn) = q {pf) o {Xi, ...,Xn) 
{P{qf)) ° {Xl, ■■■,Xn) =P {qf) O {Xl, ...,Xn) ^ P {q f ° {Xl, ...,Xn)) 
= {pq) f O {xi,...,Xn) = {{pq)f) O {xi,...,Xn) 
{{P+q)f) ° {xi,...,Xn) ={p + q) f O {xi,...,Xr,) 

=P f ° {xi,--,Xn) + q f O {Xi, ...,Xn) 
^{pf) O (xi, ...,Xn) + {qf) O {Xi, ...,Xn) 

□ 

CjieflCTBHe 3.29. PaccMompuM aAze6py Ai u aAze6py A2. Uycmb omo6pajtceHue 

f:Ai^A2 

sieAfiemcsi AuneuHUM omo6paaKeHueM. Tozda omoSpaotcenue pf , p Cz D, onpede- 
ACHHoe paeeHcmeoM 

{pf) OX^p f OX 

maKMce sieAfiemcsi auhcuhum. Upu 3moM eunoAHfiemcsi paeencmeo 

p{qf) = {pq)f 

{p + q)f=pf + qf 

□ 
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TeopeMa 3.30. Ilycmb D - KOMMymamueHoe accoi^uamueHoe KOAbv^o. Uycrrib Ai, 
An - D-aAze6pu u S - D-ModyAb. MHootcecmeo C{Ai, An', S) sieAfiemcsi D - 
ModyACM. 

/^oKaaameAbcmeo. TeopeMa 3.26 onpe^ejiHeT cyMMy nojiHjiHHeiiHbix OTo6pa>KeHHH 
B D-Mopyjib S. IlycTb g,h £ C{Ai, A2; S). JXiia JiioGoro a = (ai,...,a„), 
ai g Ai, an e An, 

{f + g) ° a =f oa + goa = goa + foa 

={g + f)°a 

((/ + g) + h) o a =(/ + g)oa + hoa = {f o a + g o a) + h o a 
= f oa + {goa + hoa) ^foa+{g + h)oa 
Hf + i9 + h))oa 

CjieflOBaTCjibHO, cyMMa nojiHjiHHeltHBix OToGpajKeHHii KOMMyTaTHBHa h accoii,Ha- 

THBHa. 

OTo6pa»ceHHe z, onpeflejienHoe paBencTBOM 

z o a = 

HBjiHeTCH HyjieM onepaii,Hii cjiojKeHiia, Tax xax 

{z + f)oa~zoa + foa = + foa = foa 
JXjia 3a;],aHHoro OToGpajKeHiia: / OTo6pa>KeHHe g, onpeflejieHHoe paBencTBOM 

g o a ~ — / o a 

y^OBjieTBopHeT paBencTBy 

f + g = z 

TaK KaK 

{f + g)oa = foa + goa = foa — foa = 
CjieflOBaTejiBHO, MHOJKecTBO ^2) HBjiaeTCH a6ejieB0H rpynnoii. 

Hs TeopeMbi 3.28 cjie^yeT, hto onpe/i,ejieHHO npeflCTaBjiCHHe KOjibLi,a D b a6e- 
jieBoii rpynne C{Ai, An] S). Tax KaK KOjibii,o D HMeeT eflfmnuy, to corjiacHO 
TeopeMe 3.1 yKasannoe npe^CTaBjieHHe 34)4)eKTHBHO. □ 

CjieflCTBHe 3.31. Ilycmb D - KOMMymamueHoe KOAbtifl c eduHuv,eu. PaccMompuM 
D-aA8e6py Ai u D-aAze6py A2. Mnocucecmeo C{Ai; A2) JieAMemcji D-ModyACM. 

□ 

3.5. Ajire6pa C{A;A). 

TeopeMa 3.32. Ilycmb A, B , C - aAzc6pu Had KOMMymamuenuM KOAbi^oM D. 
Ilycmb f - AUHCUHoe omoBpaotccHue U3 D-aAze6pu A e D-aAzc6py B. Ilycmb g - 
AUHeuHoe omo6paoKCHue U3 D-aAze6pu B e D-aAzc6py C . OmoBpamcenue g o 
onpedeACHHoe duazpaMMoU 

(3.22) B 

^ 9 




A '-^ 

MBAJiemcM AUHCUHUM omo6pacnceHueM U3 D-aAzc6pu A e D-aAze6py C . 
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/l^oKasameAbcmeo. /loKasaTejibCTBO TeopeMbi cjieflyei ii3 i^enoneK paBencTB 
{go f)o{a + b) ^ go{f o{a + b)) = go{f oa + f ob) 

=^ g o {f oa) + go {f ob) ^ {g o f) oa + {g o f) ob 
{g° f)° (pa) = 3 o (/ o (pa)) ^ g o {p f o a) ^ p g o {f o a) 

= P {g°f)°a 



□ 



TeopeMa 3.33. Uycmb A, B , C - ame6pu Had KOMMymamueHUM KOAbv^oM D. 
Uycmti f - AUHeuHoe omo6pacHceHue U3 D-aAze6pu A e D-aAze6py B . Omo6paDfce- 
Hue f nopoMcdaem AuneuHoe omo6pacHceHue 

(3.23) r ■.geC{B;C)^gofeC{A;C) 



(3.24) 



B 





A- 



■C 



gof 

/foKaaameA'bcmeo. /loKasaTejibCTBO TeopeMbi cjiepyeT h3 Li;enoHeK paBCHCTB^*^ 
((51 + .92) o /) o a = (51 + 32) o (/ o a) = gi o (/ o a) + g2 o {f o a) 
= {gi° f)°a + (52 o f)oa 
= (.91 o / + .92 o /) o a 
iipg) ° f)°a^ (jpg) o if o a) ^ p g o {f o a) ^ p (g o f) o a 
= {p{9° f)) °a 



□ 



TeopeMa 3.34. Uycmb A, B , C - aAze6pu Had KOMMymamueHUM KOAbv,OM D. 
Uycmb g - auhcuhoc omoGpaoKCHue U3 D-aAze6pu B e D-aAge6py C. OmoBpaatce- 
Hue g nopoQfcdaem auhcuhoc omo6paMccHuc 

(3.27) g.:feC{A;B)^gofeCiA;C) 



(3.28) 



B 





A- 



9°f 



■ c 



^^M.Bi nojii>3yeMC5i cjie^yiomHiviH onpeflejieHHHMH onepaLi,HH Ha^ OTo6pa>KeHH5iMH 
(3.25) {f + g)oa = foa + goa 



(3.26) 



(p/) oa = pfoa 
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floKaaameAbcmeo. /^OKasaTejibCTBO TeopeMbi cjieflyei ii3 Li;enoHeK paBencTB^^ 
(5 ° (/i + /2)) oa = go ((/i + /2) o a) = g o (/i o a + /2 o a) 

= g o {fi o a) + g o (/a o a) = [g o fi) o a + [g o J2) o a 
= (.9 ° /i + .9 ° /2) o a 
(5 ° (P/)) o a = .9 o {{pf) oa) = go{p (/ o a)) = p g o {f o a) 
= V {9° f)°a = {p{g o /)) o a 



□ 



TeopeMa 3.35. Uycmb A, B , C - ameBpu Had KOMMymamuemiM K0Jit>v,OM D. 
Omo6paofceHue 

(3.31) o : {g, f) G C{B; C) x C{A- B) ^ g o f e C{A- C) 
jiBMJiemcM 6uAUHeuHUM omo6pajtceHueM. 

floKaaameA'bcmeo. TeopeMa HBjiaeTCH cjieflCTBHeM TeopeM 3.33, 3.34. □ 

TeopeMa 3.36. Uycmb A - aAze6pa Had KOMMymamueHUM KOAbv^oM D. D-ModyAb 
C{A]A), ocHam,eHHuu npouaeedeHucM 

(3.32) o : (5, /) G C{A; A) x C{A; A) ^ g o f e C{A; A) 
nejisiemcfi aAze6pou Had D . 

/^OKoaameA'bcmeo. TeopeMa HEjiaeTca: cjieflCTBiieM onpeflejieHHa 3.10 h TeopeMbi 
3.35. □ 

3.6. TeH3opHoe npoH3Be/i,eHHe ajire6p. 

Onpe/i;ejieHHe 3.37. IlycTb Ai, A„ - CBo6oflHBie ajire6pbi na/i, KOMMyTaTHBHbiM 
KOjibi];oM D}^ PaccMOTpHM KaTeropHK) A oGiaeKTaMH KOTopoii sbjihiotch hojihjih- 

HeilHbie Hafl KOMMyTaTHBHbIM KOJIbLI,OM D 0T06pa>KeHHH 

/: ^1 X ... X A,, ^ Si g : Ai X ... x A„ ^ 

rfle Si, S2 - MO;i,yjiH na/i, kojiijd;om D. Mb: onpeflejiiiM Mop4)ii3M / — !■ g Kax jiii- 
HeiiHoe na/i, KOMMyTaTHBHBiM KOjiBn,OM D OTo6pa»ceHHe h : Si — > ^2 , AJia KOToporo 
KOMMyTaTHBHa ;i,HarpaMMa 

^Si 
f ^ 

Ai X ... x A. 




"'^"'^Mm nojibsyeMCH cjie^yiomHMn onpe^ejieHiisMH onepaLi,HH na^ OTo6pa>KeHH5iMH 

(3.29) {f + g)oa = foa + goa 

(3.30) (pf)oa = pfoa 

^'^^ onpe^ejiaio TCHSopHoe npoHSBe^eHHe Z)-anre6p no aHanorHH c onpe^ejieHHeM b [1], c. 456 
- 458. 
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yHHBepcajibHbiH oGtCKT Ai (g) ... (E) An KaTcropHH A HaabiBaeTCH tchsophbim 
npoH3Be;];eHHeM ajire6p Ai, An. □ 

Onpe/i;ejieHHe 3.38. TcHSopnoe npoiiSBefleHne 

A'^'' = Ai® ...®A„ Ai = ... = An^ A 

HasBiBaeTCs TGHSopHoii CTeneHBH) ajire6pBi A. □ 

TeopeMa 3.39. TensopHoe npouaeedenue aAse6p cymecmeyem. 

/JoKasameMbcmeo. IlycTb M - MO^yjib na^ kojii>ii,om D, nopo^KfleHHbiii npoH3Be/i,e- 
HHBM Ai X ... X An ZJ-ajireGp Ai, An. HHi.eKii.Hs 

i : Ai X ... X An ^ M 

onpeflejiena no npaBiijiy 

(3.33) io {di,...,dn) = idi,...,dn) 
IlycTb N d M - noflMOflyjib, nopojK/i,eHHbiH sjieMeHTaMii BH/i,a 

(3.34) (di,...,di + Ci,...,dn) - (di, d^, d„) - (di, d„) 

(3.35) {di, ...,adi, ...,dn) - a(di, d^, (i„) 
rfle di ^ Ai, Ci Cz Ai, a IE D. ITycTb 

j : M ^ M/N 

KaHOHHHecKoe OTo6pa>KeHHe na 4)aKTopMO/i,yjib. PaccMOTpiiM KOMMyTaTiiBHyio ^iia- 
rpaMMy 



(3.36) 




Ai X ... X An M 

i 

HocKOJiBKy sjieMCHTbi (3.34) h (3.35) npHnafljiejKaT aflpy jinHeiiHoro OTo6pa>KeHHH 
j, TO H3 paBCHCTBa (3.33) cjieflyeT 

(3.37) / o (di, ...,di + Ci, ...,dn) =.f o {di,...,di, ...,(i„) + / o {di,...,Ci, ...,dn) 

(3.38) /o {di,...,adi,...,dn) =a /o (di, di, d„) 

Ha paBCHCTB (3.37) h (3.38) cjieflyei, hto OToGpajKemie / nojinjiHueiiHO na/; kojib- 
\\0M D. ITocKOJibKy M - MO^yjit c GaancoM Ai x ... x An, to, corjiacno TeopeMe [1]-1 
Ha c. 104, jiio6oro MO^yjia V h jiio6oro nojiHjiHHeiiHoro nafl D OToSpajKCHHa: 

g : AiX ... X An *- V 

cymecTByeT eflHHCTBeHHbiit roMOMopcjansM k : M ^ V , fljia KOToporo KOMMyTaTHB- 
Ha cjieflyiomaH flHarpaMMa 

(3.39) Ai X ... X An : — ^ M 




Tax KaK g - nojiHjiHHeiiHO na^ D, to ker k C N. CorjiacHO yTBepjKfleHHio na 
c. [l]-94, OTo6pa>KeHHe j yniiBepcajiBHO b KaTeropiiH roMOMop4)H3MOB BeKTopnoro 
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npocTpancTBa M, uppo KOToptix coflepjKiiT N. CjiefloeaTejibHO, onpeflejien roMO- 

MOp4)H3M 

h : M/N ^ V 
fljiH KOToporo KOMMyTaTHBHa fliiarpaMMa 

(3.40) M/N 




V 

OSte^HHiiH fliiarpaMMM (3.36), (3.39), (3.40), nojiyniiM KOMMyTaTHBHyio fluarpaM- 
My 



(3.41) 




Ai X ... X An \ — *- M h 

V 

TaK KaK Im/ nopojKflacT M/N, to OTo6pa>KeHHe h o^oanaHHO onpe/i,ejieHO. □ 
CorjiacHO flOKaaaTejibCTey TeopcMbi 3.39 

Ai (g) ... (g. A„ = M/N 
J^Jisi di G Ai 6y;i,eM aaniicbiBaTb 

(3.42) j o (di,...,d„) = di (g) ... ® d„ 

TeopeMa 3.40. Uycmb Ai, An - aAge6pu Had KOMMymamueHUM KOAbv^oM D. 
Uycmti 

/ : Ai X ... X An Ai(E) ... (g A„ 
noAUMUHeuHoe omo6paDKeHue, onpedeACHHoe paeencmeoM 

(3.43) f o{di,...,dn) = di® ...®dn 
Uycmb 

g : Ai X ... X An ^ V 
noAUAuneuHoe omo6paoKeHue e D-ModyAb V . Cyiu,ecmeyem D-AuneuHoe omo6pa- 
cuceHue 

h : Ai (g) ...(g) An 
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maKoe, umo duaapuMMa 
(3.44) 



Ai (g) ... ® A„ 



Ai X ... X A 




KOMMymamuBHa. 

/(oKasameAbcmeo. PaseHCTBO (3.43) cjieflyei h3 paBCHCTB (3.33) h (3.42). Cyme- 
CTBoeaHHe OTo6pajKeHiia h cjieflyei h3 onpeflejieniiH 3.37 h nocTpoeHnii, Bbinoji- 
HeHHbix npH flOKaaaTejibCTBC TeopcMbi 3.39. □ 

PaBCHCTBa (3.37) h (3.38) mojkho sanHcaTB b bh^c 
oi (g) ... ® (flj + bi) ® ... (g) a„ 
=ai ... ® flj (g) ... (g) a„ + ai (g) ... g) 6^ g) ... g) a„ 
ai (g ... (g (cfli) g) ... g) a„ = c(ai g) ... (g g) ... (g a„) 

a, G b, eA, ceD 



(3.45) 
(3.46) 



TeopeMa 3.41. Uycmb A - aAze6pa Had KOMMymamueHUM KOAbv,oM D. Cyui,e- 
cmeyem AuneuHoe omo6pacnceHue 

h: a'g)beA®A~>ab£A 

JJoKaaameAbcmeo. TeopeMa HBjiaeTca cjieflCTBHeM TeopeMbi 3.40 h onpe^ejienHH 
3.10. □ 

TeopeMa 3.42. TenaopHoe npouaeedenue Ai Cg ... ® An ceo6odHux KoneuHOMep- 
Hux aAze6p Ai, An nad KOMMymamueHUM KOAbt^oM D sieAfiemcsi ceo6odHou 
KOHCHHOMepHou aAge6pou. 

Uycmb Ci - 6a3uc aAze6pu Ai Had KOAbii,oM D. UpouaeoAbHuu menaop a S 
Ai g) ... (g An M0DH2H0 npedcmaeumb e eude 

(3.47) a = a^i---*"ei.i, g) ... (g e„.i„ 

Mu 6ydeM nasueamb eupaotcenue a*i---*" cTaHflapTHoft KOMnoHeHTofi TeH30- 
pa. 

floKasameAbcmeo. Ajire6pbi Ai, An hbjihiotch MOflyjiHMH Ha/i, KOjibii,OM D. Co- 
rjiacHO TeopeMe 3.39, Ai g) ... (g An HBjiaeTCH MO^yjieM. 
BeKTop ai € Ai iiMeeT pasjioxceHiie 

Qi = afci-k 

OTHOCHTejibHO 6a3Hca e^. Ha paBencTB (3.45), (3.46) cjie^yeT 

ai g) ... ® a„ = a^\..a^"ei.i^ (g ... g)e„.i„ 

TaK KaK MHOJKecTBO TeH3opoB fli (g ... (g a„ HBjiaeTCH MHOHcecTBOM oGpasyiomHx 
MOflyjiH Ai (g ... g) An, TO TeHSop a € y4i g) ... g) y4.„ mo>kho sanncaTb b BH^e 



(3.48) 
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rfle a'*, Us-Y , ds-^ G F. IIojiojkhm 

(3.49) a'as.\\..as.t =a''-'- 

Torfla paBCHCTBO (3.48) npHMCT bh/i, (3.47). 

CjieflOBaTejibHO, MHO>KecTBO TenaopoB ei.^j^ (8" ... <8) e„.i^ HBjiaeTca MHOJKecTBOM 
o6pa3yioiii;Hx MO^yjia Ai (g) ... O An- Tax KaK pasMepnocTb MOflyjia Ai, i = 1, 
n, KOHCHHa, TO KOHe^^HO MHOJKecTBO TCHSopoB ei.jj (55 ... ® e„.i„. Cjie;i,OBaTejii>HO, 
MHOJKecTBO TCHSopoB Ci-i-^ (8" ... ® e„.i„ coflepjKHT 6a3HC MOflyjiH (X) ... (8) A„, h 
MOflyjib (g) ... (g) A„ HBjiHeTCH CBo6o;i,HbiM MOflyjieM Ha^ kojibi^om D. 

Mbi onpe/i,ejiHM npoHSBeflCHHe TCHSopoB THna oi (E> ... dn noKOMnoneHTHO 

(3.50) (di (g) ... (g) d„)(ci (g) ... (g c„) = (c?ici) (g ... (g (d„c„) 

B nacTHOCTH, ecjiH fljiH jiio6oro z, i = 1, n, g HMeeT o6paTHi.m, to TCHSop 

ai (g ... g) a„ e Ai (g ... g) A„ 

HMeeT o6paTHbiit 

(ai (g ... (g a„)"^ = (ai)"^ g) ... (g (a„)~^ 
OnpeflejieHiie npoHSBeflenHH (3.50) corjiacoBano c paBencTBOM (3.46) laK KaK 
(ai g) ... g) (cai) g) ... g) a„)(fei g) ... ® 6^ g) ... g) 6„) 
= (ai6i) g) ... (g {cai)bi (g ... g) (a„6„) 
=c((ai6i) (g ... g) (oi^i) (gi ... g) (a„&„)) 
=c((ai g) ... g) a„)(6i g) ... g) 6„)) 
Ha paBeHCTBa (3.45) cjie^yeT fliiCTpH6yTHBH0CTi> yMHOJKenHH no OTHonienHK) k cjio- 

JKeHHK) 

(ai g) ... (g Oi g) ... g) a„) 
*((6i g) ... (g 6^ g) ... (g 6„) + (&i g) ... g) Q (g ... g) bn)) 
= {ai g) ... (g Oi g) ... g) a„)(6i ® ... (g (6i + q) (g ... (g 6„) 
= (ai5i) g) ... g) (aj(6j + c;)) (g ... ® (a„6„) 

(3.51) =(ai5i) (g ... g) (aj6^ + OiCj) (g ... g) (a„6„) 
= (ai6i) ® ... g) (a^foj) ® ... (g) (a„6„) 

+ (ai5i) ® ... g) (fljCi) g) ... g) (a„6„) 

= («! g) ... (g ai g) ... g) a„)(6i g) ... (g 6i g) ... (g 5„) 

+ (ai g) ... (g Oi g) ... (g a„)(6i (g ... g) Ci (g ... ® 6„) 

PaBBHCTBO (3.51) nosBOjiaeT onpeflejiHTb npoHSBefleHiie jijia jiio6bix TenaopoB a, 
b. □ 

SaMeuaHue 3.43. CorjiacHO saMe^^aHHro 3.11, mm MOJKeM onpeflCjiiiTb pasjiinnbie 
CTpyKTypbi ajire6pbi b TeHSopHOM npoHSBefleHini ajire6p. HanpiiMep, ajire6pbi Ai g) 
A2, Ai (E) Ai,, AI (X) A2 onpeflejiCHbi na oflHOM ii tom ^kc MO^yjie. □ 
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TeopeMa 3.44. Ilycmti - 6a3uc aAseSpu Ai iiad KOAtii^oM D. Uycmb -B^.^; - 
cmpyKmypHue KOHcmaHmu ameBpu Ai omHocumeAbHO 6a,3uca . CmpyKmypnue 
KOHcmaHmu menaopHogo npouaeedenue Ai <Si ... oniHocumeAbHO 6a,3uca Ci.i^ ® 

... ®en.i^ UMewm eud 

(3-52) C'.^^;;;^" .(^ = ^i-k^i^-'-^ri-^kli^ 

/(oKasameji'bcmeo. Henocpe;i,CTBeHHoe nepeMHoacenHe TenaopoB ei.i^ (E> ... (E>e„.i^ 

HMeeT BHfl 

(ei.fci «) ... e„.A;„)(ei.;, » ... ® e„.;„) 
=(ei.fciei.;J ig) ... (g) (e„.fc„e„.j,J 

(3.53) =(ei.fciei.j J (g) ... (g) (e„.fc„e„.j,J 

= (Ci-i',i,ei.j J ... <g {Cni-iJn-jJ 

CorjiacHO onpeflejienHio CTpyKTypHbix KOHCTaHT 

(3.54) (ei.fci (g) ... (g e„.fc,J(ei.i, (g ... (ge„.(„) = Cli'.'.'.ir (ei-ji (g ... g>e„.j„) 

PaeeHCTBO (3.52) cjie^yeT h3 cpaBHeHHH (3.53), (3.54). 
Hs Li,enoHKH paseHCTB 

(ai (g) ... g) a„)(6i g) ... g) 6„) 



= (a^ei.fc, g) ... g) a5;"e„.fc„)(6i^ei.ji g) ... (g 6^"e„.i 



=a^\..aZ"b'j'...b''^{ei.k-, g) ... (g e„.fc J(ei.,, g) ... g)e„.,„) 

=a^...a^6^..&i"C;f;;;j;^ ..,^(ei.,-, ... (ge„.,-„) 

=a^...a^6^..&i"^7l.i;;^ •■•Cn.i':,„(ei.,-, 0...®e„.j„) 

= (a^6'l^ C'i-i\;,ei.,J ® ... {a'^-b'-Cn-lli Ju-jJ 
={aibi) g) ... (g (a„&„) 

cjieflyeT, hto onpeflejieHne npoHSBeflenHH (3.54) co CTpyKTypHbiMH KOHCTanTaMH 
(3.52) corjiacoBano c onpeflejieniieM npoHSBefleHHH (3.50). □ 

TeopeMa 3.45. /],am menaopoe a, 6 G Ai (g ... g) An cmaHdapmHue KOMnoHenmu 
npouaeedenuH ydoeAemeopfiKim paeencmey 

(3.55) {aby^-^- = Ci-;.:t,^..,„a'^-^"&'-'" 

/JoKasameAbcmeo. CorjiacHO onpeflejieHHK) 

(3.56) ab — {aby^'"-'"ei.j-^ (g ... (®en.j„ 
B TO>Ke BpeMH 

ab^ a''i---''"ei.fei g) ... g) e„.k^b''^-''^ei.i^ ® 



(3.57) 

PaBCHCTBO (3.55) cjie^yeT h3 paseHCTB (3.56), (3.57). □ 



TeopeMa 3.46. Ecau aAZe6pa Ai, i ~ 1, n, accov,uamueHa, mo menaopHoe 
npouseedenue Ai (g ... (E) An - accoi^uamueHan aAge6pa. 
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floKaaameA'bcmeo. ITocKOJibKy 

((ei.il ■■■ e„.i„)(ei.ji ... (g e„.j„))(ei.fci ... «) e„.fe„) 
=((ei.iiei.jj (gi ... (g) (e„.i„ei.j„))(ei.fci g) ... (g) e„.fe„) 
=((ei.iiei.jjei.fcj g) ... g) ((e„.i,„ei.j„)ei.fc„) 
=(ei.ii(ei.jiei.fcj) g) ... (g (e„.i„(ei.j„ei.fc„)) 
=(ei.ii (g ... g) e„.i„)((ei.jiei.fcj g) ... g) (ei.j„ei.fc„)) 
=(ei.ii (g ... gi e„.i„)((ei.ji ... (g e„.j„)(ei.A;i (g ... g)e„.A;„)) 

TO 

((ei.il ® ■•■ e„.i„)(ei.ji (g ... (g e„.j„))(ei.fci (g ... (ge„.fe„) 
^Qii...i„5ji...j„cfci...fc„ 

(ei.il <8 ■•■ (8) e„.i„)((ei.ji (g ... g) e„.j,J(ei.fci (g ... g)e„.fc„)) 
=a(6c) 

□ 

3.7. JlHHeiiHoe OTo6pa»ceHHe b accoi];HaTHBHyK) ajire6py. 

TeopeMa 3.47. PaccMompuM D-aAze6pu Ai u A2. flnti aadauHozo omo6pac>tceHUM 
f £ C{Ai; A2) omo6pacHceHue 

g:A2xA2^ C{Ai;A2) 
g{a,b) o / = afb 
MBMJiemcM 6uAUHeuHUM omo6pajtceHueM. 

/JoKasameMbcmeo. YTBepiKfleHHe TeopcMBi cjieflyeT h3 Li;enoHeK paBencTB 
((ai + a2),fb) o X ~ (oi + 02) f o x b ~ ai f o x b + a2 f o x b 
= (o-ifb) 02:+ (02/6) ox — (ai/6 + 02/6) o X 
{{pa)fb) ox— {pa) f o X b — p{a f o x b) = p{{afb) o x) = (p{afb)) o x 
{af{bi + 62)) o X — a f o X {bi + b2) — a f o x bi + a f o x b2 
= (afbi) o X + (a/62) o X = {afbi + a/62) ° x 
{af{pb)) o X = a f o X (pb) = p{a / o x 6) = p{{afb) o x) = {p{afb)) o x 

□ 

TeopeMa 3.48. PaccMompuM D-aAze6pu Ai u A2. /I^aji sadauHogo omoGpaotceHusi 
f G C{Ai; A2) cymecmeyem AuneuHoe omo6pajtceHue 

/i : A2 (gAz ^ £(^1:^2) 

onpedeACHHoe paeeHcmeoM 

(3.58) {a®b)of = afb 

JJoKaaameAbcmeo. YTBepiKfleHHe TeopeMti sBjisieicsi cjieflCTBiieM TeopcM 3.40, 3.47. 

□ 
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TeopeMa 3.49. PaccMompuM D-aAzeGpu Ai u A2. Onpede/iuM npouseedenue e 
aAzeCpe A2 ® A2 coznacHO npaeuny 

(3.59) [c® d) o {a®b) = (ca) ® {bd) 
JIuneuHoe omo6pajfceHue 

(3.60) h:A2®A2^*C{Ai;A2) 
onpedeACHHoe paeeHcmeoM 

(3.61) {a®b)of = afb a,b e A2 f e C{Ar, A2) 

HBJisiemcR npedcmaeAeHueM^'^ aAse6pu A2® A2 e ModyAe C{Ai; A2). 

/(oKaaameAbcmeo. CorjiacHO TeopeMe 3.23, OTo6pa>KeHHe (3.61) HBjiaeTCH npeo6- 
pasoBaHHCM MOflyjiH C{Ai] A2). JXjih ^anHoro Tensopa c S A2®A2 npeo6pa30BaHHe 
h(c) HBjiHeTCH jiHHeHHbiM npeo6pa30BaHHeM Mopyjisi C{Ai;A2)^ xaK Kax 

((a ® b) o (A + /2)) o X = (a(/i + f2)b) o X = a((/i + /a) o x)& 

= a(/i o a; + /2 o a;)& a(/i o x)h + a(/2 o x)h 

= {a fib) o X + {af2b) o x 

= {a ® b) o fi o X + {a ® b) o f2 o X 

= {{a ®b)o fi + {a®b)o f2)ox 

((a ®b)o (pf)) ox^ {a{pf)b) ox^ a{{pf) o x)b 

~ a{p f o x)b = pa{f o x)b 

= p (afb) o X ~ p { {a ® b) o f) o X 

= {p{{a ® b) o f )) o X 

CorjiacHO TeopeMe 3.48, OTo6pa>KeHHe (3.61) HBjiaeTCH jiHHeHHbiM OToSpajKenHeM. 
IlycTb / S jC-{Ai; A2), a®b, c®d€A2® A2. CorjiacHO TeopeMe 3.48 

{a®b)o f = afb€ CiAi;A2) 

Cjie/iOBaTejiBHO, corjiacHO TeopeMe 3.48 

{c®d)o {{a ®b)o f) = c{afb)d 

nocKOjiBKy npoii3BefleHHe b ajire6pe A2 accoD,HaTHBHO, to 

{c®d)o {{a ®b)of)^ c{afb)d = {ca)f{bd) = {ca ® bd) o f 

CjieflOBaTejiBHO, ecjin mbi onpeflejiHM npoH3Be/i,eHHe b ajire6pe A2 ® A2 corjiacHO 
paBencTBy (3.59), to OToSpajKeHHe (3.60) HBjiaeTca mop4)H3mom ajire6p. Corjiac- 
HO onpeflejieHHK) [3]-2.1.4 OToSpajKeHHe (3.61) aBjiaeTca npeflCTaBjieHHeM ajire6pbi 
A2® A2 B Mo;i,yjie >C(Ai; A2). □ 

TeopeMa 3.50. PaccMompuM D-aAze6py A. OnpedcAUM npouseedenue e aAseBpe 
A® A cozAacHO npaeuAy (3.59). UpedcmaeAeHue 

(3.62) h: A®A^*C{A;A) 
aAze6pu A® A e ModyAc C{A; A), onpedeACHHoe paeencmeoM 

(3.63) {a®b)o f ^afb a,b e A feC{A;A) 



■^OnpeflejieHHe npeflCTaBJieHHH Q-ajire6pbi flano b onpeflejienHn [3]-2.1.4. 
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no360AHem omojtcdecmeumb menaop d G c omo6paMceHueM do6 £ C{A]A), 

zde 5 G C{A] A) - mootcdecmeeHHoe omo6pajtceHue. 

/(oKaaameAbcmeo. CorjiacHO TeopeMe 3.48, OToSpajKCHHe / G C{A] A) ii Tensop 
d £ A (X) A nopojKflaiOT OTo6pa}KeHHe 

(3.64) a; ^ (do/) ox 

EcjiH MM nojiojKHM / = (5, c? = fl ® 6, TO paBCHCTBO (3.64) npHo6peTaeT bh;:, 

(3.65) ((a ^b) o S) o X = (adb) ox = a{Sox)b = axb 

EcjIH Mbl nOJIOJKHM 

(3.66) {{a ($1 b) o 6) o X = {a ® b) o [S o x) = {a ^ b) o X 

TO cpaBHeHHC paBCHCTB (3.65) H (3.66) ;i,aeT ocHOBaHHC OTOJKflecTBiiTb flencTBiie 
TeH3opa a (8) 6 c npeo6pa30BaHHeM (a ® 6) o (5. □ 

Hs TeopeMbi 3.50 cjie^yeT, hto OToGpajKetme (3.61) mojkho paccMaTpiiBaTb KaK 
npoHSBCfleHHe OTo6pa}KeHHH a (8> 6 h /. Tensop a £ A2 (S^ A2 HeBtipojKfleH, ecjin 
cymecTByeT Tenaop 6 G A2 ® TaKOii, mo a o 6 = 1 (g) 1. 

Onpe/i;ejieHHe 3.51. PaccMOTpHM npe^CTaBjieHHe ajire6pbi A2 A2 b MO^yjie 
£(Ai;A2).^'' Op6HToii jiHHeiiHoro OTo6paLaceHHH / G C{Ai;A2) nasbiBaeTCH 

MHOJKeCTBO 

{A2® A2) o f = {g = do f : d £ A2'E) A2} 

□ 

TeopeMa 3.52. PaccMompuM D-aAge6py Ai u accoi^uamueHym D-aAge6py A2. 
PaccMompuM npedcmaeAenue aAze6pu A2 ® A2 e Modyne C{Ai]A2). Omo6pacHce- 
Hue 

h : Ai ^ A2 

nopoMcdeHHoe omo6paDfceHueM 

f -.Ai^ A2 

UMeem eud 

(3.67) h = (a^.o ® a^.i) o / = as-afa^.i 

floKaaamen'bcmeo. npoHSBOJitHbiii Tensop a £ ^42 0^2 mojkho npeflCTasHTb b BH^e 

CorjiacHO TeopeMe 3.49, OTo6pa»ceHHe (3.61) jinHeiiHO. 3to flOKaatiBaeT yTBepjKfle- 
HHe TeopeMbi. □ 

TeopeMa 3.53. nycmt A2 - aAzeSpa c eduHuv,eu e. nycmb a £ A2 (S A2 
HeeupojfcdeHHUu menaop. Opdumu auhcuhux omo6pajtceHuu f £ C{Ai; A2) u g = 
a o f coenadamm 

(3.68) {A2®A2)of = {A2®A2)og 



"'^'^Onpe/;ejieHHe ppao no anajiorHH c onpeflejienHeM [3J-2.4.12. 
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/(oKaaameAbcmeo. Ecjih h € (A2 ® A2) o to cymecTByeT 6 G A2 (81 A2 TaKoe, 
HTO h = b o g. Tor;i,a 

(3.69) h = bo(ao f) = {boa)o f 
CjieflOBaTCjiBHO, h S {A2 CE) A2) o /, 

(3.70) iA2 (E> A2) o g ciA2 (g) A2) o f 

TaK KaK a - HeBbipO>KfleHHbIH TCHSOp, TO 

(3.71) f^a-^og 

Ecjih h € {A2 <E} A2) o to cymecTByeT b G A2 <E) A2 TaKoe, hto 

(3.72) h = bof 
H3 paBCHCTB (3.71), (3.72), cjicflycT, hto 

h = b o (a~^ o g) = [b o a^^) o g 
CjieflOBaTCjiBHO, h S (A2 ^ A2) o 

(3.73) iA2 (gi A2) o f c{A2 (3 A2) o g 

(3.68) cjicflycT h3 paBCHCTB (3.70), (3.73). □ 

Hs TeopcMbi 3.53 TaKJKC cjicflycT, hto, ccjih g = ao f h a G A2(Ei A2 - BbipojK- 
^CHHbiH TCHSop, TO OTHOHicHHe (3.70) BcpHO. OflHaKO ocHOBHOH pcayjiBTaT TeopcMbi 
3.53 cocTOHT B TOM, HTO HpeflCTaBjieHHH ajireGpbi A2 (E) A2 b MOflyjie C{Ai; A2) ho- 
pojKflacT OTHoniCHHC SKBHBajiCHTHOCTH B MOflyjic C{Ai ; A2). Ecjih yflanno Bi>i6paTi> 
HpcflCTaBHTCJiH KajKfloro Kjiacca SKBHBajiCHTHOCTH, TO nojiy^CHHoe mhojkcctbo 6y- 
;i,eT MHO>KecTBOM o6pa3yion],Hx paccMaTpHBacMoro npeflCTaBjienHJi.^''' 

3.8. JlHHeiiHoe OToSpajaceHHe b CBo6o/i,HyH) kohgmho MepHyro accoLi,HaTHB- 
HyK) ajire6py. 

TeopeMa 3.54. Uycmb Ai - aAze6pa Had KOAttV^OM D. Uycmti A2 - ceoBodnan ko- 
HCHHO MepnaM accov,uamueHaji aAze6pa Had KOAb'noM D. Uycmti e - 6a3uc aAze6pu 
A2 Had KOAti^oM D. Omo6paafceHue 

(3.74) g = aof 

nopooKdeuHoe omo6paoK.eHueM f G C{Ai] A2) nocpedcmeoM mensopa a G A2 ® A2, 
UMCem cmaHdapmHoe npedcmaeAeHue 

(3.75) g = a'-' (e.; ® e,- ) o / = a'^eifej 

JJoKasameAbcmeo. CorjiacHO TCopcMC 3.42, CTanflapTHoe HpeflCTaBjieHiie TCiiaopa 

a HMCCT BHfl 

(3.76) a = a^-'ci (8) ej 

PaBCHCTBO (3.75) cjicflycT h3 paBCHCTB (3.74), (3.76). □ 



^^MHOjKecTBO o6pa3yiOLij,iix npe^CTaBjieHiiH onpe;n,ejieHO b onpe^ejieHHH [3]-3.1.5. 
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TeopeMa 3.55. Ilycmb ei - 6a3uc ceoSodnou kohchho Mepnou D-aAze6pu Ai. 
Ilycmb £2 - 6a3uc ceo6odHou kohbuho Mepnou accov,uamueHou D-ajize6pu A2. 
Uycmb C2-^i - cmpyKmypHue KOHcmaHmu ame6pu A2. Koopdunamu omo6pajtce- 

HUSi 

9 = ao f 

nopoatcdeHHOzo omo6paatceHueM f S {Ai; A2) nocpedcmeoM meH3opa a G A2 <25 
u ezo cmaHdapmHue KOMnoHenmu cesiaaHU paeeHcmeoM 

(3.77) gj;- = fr9''C2.f^C2.% 

JJoKasameAbcmeo. OTHOCiiTCjibHO 6a3HCOB ei h 62, jiHHeitHbie OTo6pa>KeHiia / 11 g 

HMeiOT BH/I, 

(3.78) fox = fix^e2.i 

(3.79) g°x ^ g}x^e.2-i 
H3 paBencTB (3.78), (3.79), (3.75) cjieflyeT 

9ix'-e2.k= a*^e2.i//"a;'e2.me2.j 

(3.80) 

= a'^frx'C2.^,^C2.l^e2.k 

TaK KaK BeKTOpbl e2 k JIHHefiHO neSaBHCHMBI H npOHSBOJIBHbl, to paBCHCTBO 

(3.77) cjieflyeT h3 paBCHCTBa (3.80). □ 

TeopeMa 3.56. Uycmb D sieAfiemcsi noACM. Uycmb ei - 6a3uc ceododnou kohch- 
ho McpHou D-aA8e6pu Ai. Uycmb 62 - 6a3uc ceoBodnou kohchho Mcpnou accoy,u- 
amuBHoil D-ajizc6pu A2. Uycmb 6*2.^; - cmpyKmypnue KOHcmanmu aAze6pu A2. 
PaccMompuM Mampuv^y 

(3.81) B = {Ct-ij) = (C^2.LC2.^,-) 

cmpoKU Komopou nponyMcpoeaHU undcKCOM J^j, u cmoA6v,u npoHyMcpoeanu uh- 
dcKCOM .ij . EcAU Mampuv,a B Hceupoofcdcna, mo Saji 3adaHHUx Koopdunam au- 
HCUHOzo npco6pa3oeaHua u Oam omoBpaMcenufi f ^ S , cucmcMa auhcuhux 
ypaencHuu (3.77) omnocumcAbHO cmandapmnux KOMnoHenm omozo npeo6pa3oea- 
HUM g^^ UMCcm eduHcmecHHoe pemcHue. 

EcAU Mampui^a B eupootcdena, mo ycAoeucM cyui^ecmeoeaHUfi pemcHUM cucmc- 
MhL AUHCUHUX ypaencHuu (3.77) neAsicmcfi paecHcmeo 

(3.82) rank (c-^.ii sl) = ^ankC 

B amoM CAynae cucmcMa auhcuhux ypaencHuu (3.77) uMcem 6cckohchho mhozo 
pcuicHuu u cyu^ecmeycm auhcuhusi 3aeucuMocmb MCMcdy ecAUHUuaMU g^]-^ . 

/(oKa3amcAbcm6o. YTBepiKfleHHe TeopcMbi HBjiaeTCH cjie^CTBHeM Teopiin jiHHeii- 
Hbix ypaBHeHHii na/i, nojieM. □ 

TeopeMa 3.57. Uycmb A - ceoSodnaji kohchho Mcpnan accoufliamuenaR aAze6pa 
Had noACM D. Uycmb e - 6a3uc aAzcOpu A Had uoacm D. Uycmb Cj^i - cmpyKmyp- 
nue KOHcmanmu aAzc6pu A. Uycmb Mampuu,a (3.81) eupooK.dcHa. Uycmb au- 
HcuHoc omo6paotccHue f £ C{A; A) HceupootcdcHo. Ecau Koopdunamu auhcuhux 
npco6pa3oeaHuu fug ydoeAcmeoptimm paecHcmey 



(3.83) '^ank(c-,^.,, g^^ ft) 



rankC 
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mo cucmeMa jiuhcuhux ypaeneHuu 

(3.84) 5f = /r^^^CLC^ 
UMeem BecKoneuHO mhozo pemeHuu. 

/(oKasameMbcmeo. CorjiacHO paBCHCTBy (3.83) h TeopcMC 3.56, CHCTCMa jiHHeiiHMx 
ypaBHeHHH 

(3.85) ft = rC^Cl^ 

HMeeT 6ecKOHeHHO mhofo peineHHH, cooTBCTCTByiomHx jiHHeiiHOMy OTo6pa}KeHHio 

(3.86) / = fJei®e,- 

CorjiacHO paBCHCTBy (3.83) h TeopeMe 3.56, CHCTCMa jiHHeiiHbix ypaBHeHHH 

(3.87) = g'iClCl^ 

HMeeT 6ecK0HeHH0 mhofo penienHii, cooTBeTCTByioni,Hx jiHHeiiHOMy OToGpajKemiro 

(3.88) g = g^i-e^r^-e- 

OToSpajKeHHs / h g nopojKfleHbi OTo6pa}KeHHeM b. CorjiacHO xeopeMe 3.53, OToSpa- 
>KeHHe / Hopo>KflaeT OTo6pajKeHHe g. 3to ^OKaatiBaeT yTBepsKflenne TeopcMbi. □ 

TeopeMa 3.58. Ilycmb A - ceoSodnaji kohehho Mepimn accoufliamuBHaR aAze6pa 
Had noACM D. UpedcmaejieHue ajiae6pu A(^Ae aAze6pe C{A] A) uMeem KOHtHHUu 
6a3HC /. 

(1) JIuHCUHoe omo6pacnceHue f £ C{A; A) UMeem eud 

(3.89) / = {ak-sk-o ®ak.Sk-i) ° h = '^ak-Sk-ohak-s^-i 

k 

(2) Ezo cmaHdapniHoe npedcmaeAenue UMeem eud 

(3.90) / = a''-'^ {ei e,- ) o ^ = a'^ 'jeihej 

/^oKaaameAbcmeo. Hs TeopcMbi 3.57 cjie^yeT, hto ecjiH MaxpHu^a B BbipojKfleHa h 
OTo6pa>KeHHe / y;i,OBjieTBopfl;eT paBencTBy 



(3.91) rank (^C-^.i,- /^j = ^ankC 

TO OToSpajKeHHC / HOpOJKflaCT TO JKe CaMOe MHOJKCCTBO 0T06pajKeHHII, H.IO HOpOJK- 

fleno OTo6pa}KeHHeM 5. CjicflOBaTejibHO, fljia Toro, hto6bi hoctpohtb 6a3HC npefl- 
CTaBjieHHH ajire6pbi A® A 'b MO^yjie C{A] A) mbi ppjixmA BbinojiHHTb cjieflyiomee 
HOCTpoeHHe. 

MnojKecTBO peniennH CHCTeMbi ypaBHeHHH (3.84) nopojK^aeT CBo6ojxHi,ia HOfl- 
MO^yjib C MOflyjiH C{A]A). Mbi ctpohm 6a3HC {hi, hk) nofiMopyjisi C. 3aTeM 

flOHOJIHHeM 3TOT 6a3HC JIHHeHHO HCSaBHCHMBIMH BCKTOpaMH ft-m, KOTOpBIC 

He HpHHa;];jie>KaT HOflMOflyjiio £, TaraiM o6pa30M, hto MHOJKecTBO BeKTopoB hi, 
hfn HBjiHeTCH 6a3HCOM MO^yjiH C{A; A). Mhojkcctbo op6HT (A®A)o(5, (A(x)A)ohk+i, 
(A® A)o hm HopojK;];aeT MO^yjib C{A; A). IIocKOjibKy MHOJKecTBO op6HT Konen- 

HO, Mbl MO>KeM Bbl6paTb 0p6HTbI TaK, HToSbl OHH HC HepeccKajiHCb. fljia KajKflOii 
Op6HTbI Mbl MOJKeM Bbl6paTb npeflCTaBHTCJIb, HOpOJKflaiOmHH 3Ty op6HTy. □ 
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IIpHMep 3.59. JXjisi hojih KOMnjieKCHbix hhccji ajire6pa C{C;C) hmbct GasHC 

Iq o z ~ z 
Ii o z ~z 

J^jisi ajire6pi>i KBaTepHnoHOB ajire6pa C{H; H) HMeeT 6a3HC 

lo o z = z 

□ 

3.9. JlHHeHHoe OTo6pa>KeHHe b HeaccoLi;HaTHBHyio ajire6py. Tax k&k npo- 
HSBCfleHiie Heaccou,HaTHBHO, mbi MOJKeM npeflnojio>KHTb, hto fleiicTBHe a, b G A na 
OTo6pa>KeHHe / MOsceT Gbitb npeflCTaBjieHHO jih6o b BH;i,e a{fb), jih6o b BH;i,e {af)b. 
O^HaKO 3T0 npeflnojiojKeHiie npHBO/i,HT nac k ^obojibho cjiomchoh CTpyKType jih- 
HCHHoro OTo6pa»:eHHH. HTo6bi jiyHine npeflCTaBHTb nacKOJiBKO cjioJKHa CTpyKiypa 
jiHHeiiHoro OTo6pajKeHHH, mbi HaHHCM c paccMOTpeHHH jieBoro h npaBoro c^BHroB 
B HeaccoD;HaTHBHOH ajire6pe. 

TeopeMa 3.60. Ilycm-b 

(3.92) l{a) o X = ax 
omo6pacHceHue Aeeozo edema. Toada 

(3.93) l{a)ol{b)^l{ab)-{a,b)i 
ade Mu onpedejiujiu AuneuHoe omo6pacHceHue 

{a,b)i o X ~ (a, b, x) 
/(oKasameA-bcmeo. Hs paBencTB (3.13), (3.92) cjie^yeT 
{l{a)ol{b))ox = l{a) o {l{b)ox) 

(3.94) ^a{bx) = {ab)x-{a,b,x) 

~ l{ab) o x — {a, b)i o x 

PaBeHCTBO (3.93) cjieflyei h3 paBencTBa (3.94). □ 
TeopeMa 3.61. Uycm-b 

(3.95) r{a) o x = xa 
omo6pac>tceHue npaeozo edema. Tozda 

(3.96) r{a)or{b) ^r{ba) + {b,a)2 
zde MU onpedeAUAU AuneuHoe omo6pa^iceHue 

(b, 0)2 o X = {x, 6, a) 
/(oKasameAbcmeo. H3 paBCHCTB (3.13), (3.95) cjie^yeT 

(r(a) o r{b)) o x ^ r{a) o {r{b) o x) 

(3.97) = {xb)a = x{ba) + {x, b, a) 

= r{ba) o X + {x, b, a) 

PaBCHCTBO (3.96) cjie^yeT h3 paBencTBa (3.97). □ 
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XlycTb 

f:A^A f={ax)b 
jiHHeftHoe OTo6pa>KeHHe ajire6pbi A. CorjiacHO xeopeMe 3.23, OTo6pa>KeHHe 

g:A^A g = {cf)d 

TaKace jiHHefiHoe OTo6pajKeHiie. OflnaKO Heo^eBH;i,HO, MOJKeM jih mm sanncaTb oto6- 
pajKCHHe g b mipfi cyMMbi cjiaraeMbix BH/i,a (ax)b h a{xb). 

EcjiH A - CBo6oflHaH kohchho Mepnaa ajire6pa, to mbi mojkcm npeflnojioxaiTb, 
HTO jiiiHeiiHoe OToGpajKCHHe HMeei CTaH/i,apTHoe npe^CTasjieHHe b Biipfi^^ 

(3.99) / o X = /^^' (eia.)e,- 

B 3T0M cjiynae mbi MOsceM npHMeHHTB leopeMy 3.58 fljia: OTo6pa>KeHHii b neacco- 
Li,HaTHBHyio ajire6py. 

TeopeMa 3.62. Ilycmb ei - 6a3uc ceoBodnou kohchho Mepnou D-aAze6pu Ai. 
nycm-b 62 - 6a3uc ceoSodnou kohchho Mepnou Heaccov,uamueHou D-aAze6pu 
Ilycmb C2-^i - cmpyKmypnue KOHcmaHmu aAze6pu nycmb omo6paotceHue 

(3.100) g^aof 

nopoofcdeHHoe omo6paofceHueM f 6 {Ai; A2) nocpedcmeoM meH3opa a £ A2® A2, 
UMcem cmaHdapmHoe npedcmaeneHue 

(3.101) g = a'^{ei ® e,) o / = a'^{eif)ej 

Koopdunamu omo6paoH:eHusi (3.100) u ezo cmaHdapmHue KOMnoHenmu cenaaHU 
paeencmeoM 

(3.102) 5f = fr9''C2.^rr^C2■';j 

/^oKasameAbcmeo. OTHOCHTejibHO 6a3HCOB ei h 62, jiHHeftHbie OTo6pajKeHHH / h g 

HMeiOT BHfl 

(3.103) fox = fix^e2.i 

(3.104) 9ox^g}x^e2.i 
m paBCHCTB (3.103), (3.104), (3.101) cjieflyeT 

gU^e2.k= a'^(e2.i{frx^e2.m))e2-j 

(3.105) 

= a^Vr^'G2.LC2.^,.e2., 

TaK KaK BeKTopbi 62. k jniHeiiHO nesaBHCHMbi h x^ npoHSBOJibHbi, to paBencTBO 
(3.102) cjieflycT h3 paBencTBa (3.105). □ 

TeopeMa 3.63. Uycmb A - ceoSodnaR KoneuHO Mepnan Heaccoi^uamueHan aAze6- 
pa Had KOAbv,OM D. UpedcmaeAeHue aAze6pu A® A e aA3e6pe C{A; A) UMeem 

KoneHHuu 6a3uc I . 



^*^Bbi6op npoH3BOjieH. Mm mo^kcm paccMOTpexb CTan^apTHoe npeflCTaBjieHHe b bh^c 

f ox = f^ei{xej) 

Torfla paBeHCTBO (3.102) HMeeT bha 

(3.98) 9f = /r9''C2.?pC2.^^ 

H Bi>i6pajT Bbipa:*ceHHe (3.99) TaK KaK nopa^OK coMHO^cHTejieii cooTBeTCTByeT nopn^^Ky, Bbi6paH- 
HOMy B Teopeivie 3.58. 
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(1) JIuHCUHoe omo6pamceHue f G C{A; A) UMeem eud 

(3.106) / = [ak-sk-o ® flfc-sfc-i) ° Ik = (afc-sfc-o-^fc)afc-sfc-i 

(2) Ezo cmaHdapniHoe npedcmaeAenue UMeem eud 

(3.107) / = a''-'^{ei e,-) o h = a""-'-' {eilk)ej 

/^oKaaameAbcmeo. PaccMOTpHM Maipimy (3.81). Ecjih MaTpima B HCBbipojKfleHa, 
TO ^jiH saflaHHBix KOopflHUET jiHHeHHoro npeo6pa30BaHHH g^i^ h ^jih OTo6pajKe- 

HHH f = 6 , CHCTeMa JIHHeilHblX ypaBHeHHH (3.102) OTHOCHTejIbHO CTaHflapTHtlX 

KOMnoHCHT SToro npeo6pa30BaHHH g'''^ HMeei e/i,HHCTBeHHoe pemeHHe. Ecjih MaT- 
pHLi,a B BbipojKfleHa, to corjiacHO TeopeMe 3.58 cymecTByeT KOHenHbiii 6a3HC /, 

nOpOJKflaiOmilH MHOJKeCTBO JIHHeilHblX OTo6pajKeHHH. □ 

B OTjiHHHe OT cjiynaa accoi^HaTHBHOit ajire6pbi MHOJKecTBO renepaTopoB / b xeo- 
pcMe 3.63 He aBjiaexcH MHHHMajibHbiM. Ha paneHCTBa (3.93) cjie^yeT, hto HCBepHO 
paBCHCTBO (3.69). CjieflOBaTejibHO, op6HTbi OTo6pajKeHHH Ij- ne nopojKflaiOT otho- 
menHH SKBHBajieHTHOCTH B ajire6pe L{A;A). TaK KaK mbi paccMaTpiiBacM tojibko 
OTo6pa>KeHHH BHfla {alk)b, to bosmojkho, hto npH k ^ I OTo6pa>KeHHe Ik nopojK- 
flaeT OTo6pa>KeHHe Ii, ecjiH paccMOTpeTb Bce BOSMOJKHbie onepai^Hii b ajire6pe A. 
IIoaTOMy MHOJKecTBO o6pa3yK)iii,Hx Ik Heaccoii,HaTHBHo{t ajireGpti A ne HrpaeT Ta- 
Koii KpHTHHecKoii pojiH KaK OToGpaaceHHe conpajKeHHs b nojie KOMnjieKCHbix hhcbji. 
Otbgt Ha Bonpoc nacKOjibKO BajKHO OTo6pajKeHHe Ik b HeaccoLi,HaTHBHOH ajire6pe 
Tpe6yeT flonojiHHTejibHoro iiccjie/i,OBaHHa. 

4. ^HcpcPEPEHI^HPyEMblE OTOBPA>KEHHa 

4.1. TonojiorHHecKoe KOJibLi;o. 

Onpe/i;ejieHHe 4.1. KojibLi,o D nasbiBaeTCH TonojiorHMecKHM KOJitii;oM^^, ecjiH 
D HBjiaeTCH TonojioriiHecKHM npocTpancTBOM, h ajireGpaniecKHe onepau,HH, onpe- 
flejiCHHbie B Z), HenpepbiBHbi b TonojiorHnecKOM npocTpancTBe D. □ 

CorjiacHO onpeflejieHHio, ^jih npoHSBOjibHbix sjieMeHTOB a, h £ D ii pjia npoH3- 
BOjibHbix OKpecTHOCTett Wa-b sjieMBHTa a — b, Wab sjieMBHTa ab cymecTByiOT TaKHC 

OKpeCTHOCTH Wq SJieMBHTa ajiWb SJICMeHTa b, ^TO Wa—Wb C Wa-b, WaWb C Wab- 

OnpeflejieHHe 4.2. HopMa Ha KOJibLi,e Z)^^ - sto OToGpajKCHHe 

deD ^\d\(lR 

TaKoe, HTO 

• |a| > 

• |a| = paBHOCHjibHO a = 

• |a^l = |a| 1^1 

• \a + b\< \a\ + \b\ 

KojibLi,o D, HaflejieHHoe CTpyKTypoii, onpeflejiaeMoii saflaHHeM na D HopMbi, 

HaSblBaeTCS HOpMHpOBaHHMM KOJII>U;OM. □ 

"'^'''OnpeflejieHHe j^saio corjiacHO onpe.z],ejieHiiio h3 [8], rjiasa 4 

"'^^Onpe^i^ejieHHe ^aHO corjiacHO onpe.z],ejieHiiio ii3 [6], rji. IX, §3, n°2, a TaKjKe corjiacHO onpe- 
flejieHHKi [12]-1.1.12, c. 23. 
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HHBapHaHTHoe paccTOHHHe he aftniiTHBHOii rpynne KOJibLi,a D 

d(a, b) ~ \a — b\ 

onpeflejiaeT TonojiorHio MCTpiiHecKoro npocTpancTBa, corjiacyiomyiocH co CTpyK- 
Typoii KOjiijD;a b D. 

Onpe/i;ejieHHe 4.3. IlycTb D - HopMnpoBanHoe KOjibn,o. Bjicmcht a £ D nasbiBa- 
CTCH npe^ejioM nocjie/i;oBaTejii>HOCTH {a„} 

a = lim a,i 

ecjiH fljiH jiio6oro e G i?, e > cymecTByeT, saBHcamee ot e. naTypajiBHoe ^iiicjio 
no TaKoe, hto |a„ — a| < e fljiH jiio6oro n > uq. □ 

TeopeMa 4.4. Ilycmb D - HopMupoeauHoe KOAti^o xapaKmepucmuKU u nycmb 
d E D. Uycmb a Cz D - npedcA nocAedoeameAbHocmu {a„}. Tosda 

lim {and) = ad 

n— »oo 

lim {dan) = da 

n— ^oo 

JJoKaaameMbcmeo. yTBep»yi,eHHe TeopeMbi TpHBHajitHO, OflnaKO h npHBOJKy flOKa- 
saTejibCTBO fljiH nojiHOTbi TCKCTa. ITocKOjibKy a G D - npe^eji nocjieflOBaTejibHOCTH 
{an}, TO corjiacHO onpe;],ejieHHio 4.3 saflanHoro e G i?, e > 0, cymecTByeT na- 
TypajibHoe hhcjio no TaKoe, hto \an ~ a\ < e/|c?| flJia jiio6oro n > no. CorjiacHO 
onpeflejieHHK) 4.2 yTBepjKfleHiie xeopeMbi cjie^yeT h3 nepaBencTB 

[and — ad\ = |(a„ — a)d| = |a„ — a\\d\ < e/|d||d| = e 
\dan — da\ = \d{an — a)\ = |d||a„ — a\ < |d|e/|d| = e 
jiio6oro n > no. □ 

Onpe/i;ejieHHe 4.5. IlycTb D - HopMiipoBaiiHoe KOjibii,o. HocjieflOBaTejibHOCTb 
{an}, an G D HasbiBaeTCH (JjyHflaMeHTajitHoii hjih nocjie^oBaTejibHOCTbK) 

KouiH, ecjiH fljiH jiio6oro e € i?, e > cymecTByei, saBHCHmee ot e, naTypajibHoe 
HHCjio no TaKoe, hto |ap — a^j < e jiio6bix p, q > hq. □ 

Onpe/i;ejieHHe 4.6. HopMnpoBanHoe KOjibii,o D HasbmaeTca nojiHbiM ecjiii jiio6aH 
cjDyH^aMeHTajibHaa: nocjieflOBaTejibHOCTb sjieMenTOB flaiinoro KOjibii,a cxo^HTca, t. 
e. HMeeT npe/i,eji b stom KOjibLi;e. □ 

B flajibHciimeM, roBopa o HopMHpoBaHHOM KOjibu;e xapaKTepHCTHKn 0, mm 6y- 
;i,eM npe^nojiaraTb, hto onpe;i,ejieH roMeoMop(|)H3M nojiH pan,HOHajibHbix HHceji Q 
B KOjibri,o D. 

TeopeMa 4.7. UoAHoe KOAbUjO D xapaKmepucmuKu codepMCum e KaHecmee nod- 
noAfi uaoMopcfiHuu o6pa3 noAJi R deilcmeumeAbHux hucca. 9mo noAe o6uhho omajtc- 
decmeAJiKjm c R. 

floKaaameAbcmeo. PaccMOTpiiM 4)yHflaMeHTajibHyio nocjie;];OBaTejibHOCTb pan,HO- 
HajibHbix Hiiceji {pn}- HycTb p' - npefleji STOii nocjieflOBaTejibHOCTii b TCjie D. IlycTb 
p - npefleji stoh nocjieflOBaTCjibHOCTH b nojie R. TaK Kax BjiojKenHe nojiH Q b tcjio 

D rOMe0MOp4)H0, to MH MOJKeM 0T0}K;i,eCTBIITb p' G D 11 p G R. □ 

TeopeMa 4.8. Uycmb D - noAHoe KOAbu,o xapaKmepucmuKU u nycmb d Cz D. 
Toeda Ato6oe deucmeumeAbHoe hucao p €z R KOMMymupyem c d. 
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floKaaameA'bcmeo. Mbi mojkcm npeflCTaBHTb fleftCTBHTejibHoe hiicjio p £ R s BUfle 
cjDyH^aMeHTajibHOii nocjieflOBaTejibnocTH pai^HonajitHBix ^iHceji {pn}. yTBep>Kfle- 
HHe TeopcMbi cjieflyeT h3 D;enoHKH paBencTB 

pd = lim (pnd) = lim (c?p„) ~ dp 
ocHOBaHHOH Ha yTBepjKfleHiiH TeopeMbi 4.4. □ 
4.2. TonojiorHHecKaH £'-ajire6pa. 

Onpe/i;ejieHHe 4.9. IlycTb D - TonojiorHnecKoe KOMMyTaTHBHoe KOjibii,o. D-aji- 
re6pa A HasbmaeTca TonojiorHHecKoii £'-ajire6poH^", ecjiH A Haflejieno Tono- 
jiornefi, corjiacyiomeiicH co CTpyKTypofi a^flHTHBHOii rpynnti b A, n OTo6pa>KeHHH 

{a,v) e D X A ^ av e A 

(w, w)eAxA^vweA 
HenpepbiBHbi. □ 
Onpe/];ejieHHe 4.10. HopMa Ha D-ajire6pe A nafl HopMHpoBaHbiM KOMMyia- 

THBHblM KOJIbLi,OM - 3T0 OToGpajKCHIie 

a e A ^ \a\ e R 

TaKoe, HTO 

• |a| > 

• |a| = paBHOCHjibHO a — 

• \a + b\< \a\ + \b\ 

• la^l = \a\ \b\ 

• \da\ = \d\ \a\, d e D, a e A 

D-ajire6pa A na/i, HopMHpoBaHHbiM KOMMyTaTHBHbiM KOjibLi;oM D, Ha^ejieHHaH 
CTpyKTypofi, onpeflejiHCMOfi saflaniieM na A HopMbi, nasbiBaeTCH HopMHpoBaHHoii 
£'-ajire6poH. □ 

Onpe/i;ejieHHe 4.11. IlycTb A - HopMHpoBaHHaa D-ajire6pa. 3jieMeHT a G A 
HasbiBacTCH npe^ejioM nocjieflOBaTejibHOCTH {a„} 

a = lim a,i 

ecjiH fljiH jiio6oro e G i?, e > cymecTByeT, saBHCHmee ot e, naTypajibHoe hhcjio 
no TaKoe, hto |a„ — a| < e ^jis jiio6oro n > uq. □ 

Onpe/i;ejieHHe 4.12. ITycTb A - HopMHpoBaHHaa D-ajire6pa. IIocjieflOBaTejib- 
HOCTb {an}, an G A HasbiBaeTCH 4)yH/i;aMeHTajibHOH hjih nocjie^oBaTejiBHO- 

CTbio KouiH, ecjiH fljiH jiio6oro e £ R, e > cymecTByeT, saBiicamee ot e, naTy- 
pajibHoe HHCjio Uq TaKoe, hto ja^ — a^j < e fljis jiio6bix p, q > uq. □ 

Onpe/i,ejieHHe 4.13. HopMnpoBaHHaa D-ajire6pa A HasbiBaexca GanaxoBOH D- 

ajire6poH ecjiH jiroGaa (JiyHflaMeHTajibHaa nocjieflOBaTejibHOCTb sjieMCHTOB ajire6- 
pbi A cxo;i,HTca:, t. e. HMeeT npe^eji b ajire6pe A. □ 

Onpe/i;ejieHHe 4.14. IlycTb A - 6aHaxoBaH £'-ajire6pa. MnoiKecTBO ajieMCHTOB 
a € A, \a\ = 1, HasbiBaeTCH e/i;HHHHHOH cc|>epoH b ajireGpe A. □ 



^''OnpeflejieHHe flano corjiacHO onpeflejieHHKi h3 [7], c. 21 
^^OnpeflejieHHe .z],aHO corjiacHO onpe^ejieHHio ii3 [6], rji. IX, §3, n°3 



IlpoHSBOflHaH FaTO h HHTerpaji Hafl 6aHaxoBOH ajirc5poH 



33 



Onpe/i,ejieHHe 4.15. OToGpajKemie 

6aHaxoBOH Di-ajire6pi>i Ai c HopMoii b SanaxoByio D2-a-nre6py A2 c HopMoii 
\y\2 HasbiBaeTCH HenpepbiBHoii, ecjiH fljiH jiio6oro ckojib yroflHO Majioro e > 
cymecTByeT TaKoe d > 0, hto 

\x' -x\i < S 
\f{x')-f{x)\2<e 

□ 

Onpe/i,ejieHHe 4.16. HycTb 

f:Ai^A2 

OTo6pa>KeHHe 6aHaxoBOH Z?i-ajire6pbi Ai c HopMofi |a;|i b SanaxoByio _D2-a"nre6py 
A2 c HopMOii \y\2. BejiHT^HHa 

(") 11/11 -"-ilr 

HasBiBaeTCH HopMoft OTo6pa:»ceHHH /. □ 
Teopeivra 4.17. Ilycm-b 

/ : Ai -> 

AuneuHoe omo6paMceHue 6aHaxoeou Di-aAze6pu Ai c HopMou \x\i e 6aHaxoeym 
D2-aA2e6py A2 c HopMou \y\2- Tozda 

(4.2) \\.f\\^sup{\J[x)\2:\x\^ = l} 
floKaaameAbcmeo. H3 onpeflejieHHH 3.21 h TeopcMbi 4.7 cjie^yeT 

(4.3) f{rx) = rf{x) reR 

Ha paBCHCTBa (4.3) h onpeflejieHHH 4.10 cjieflycT 

I/MI2 \r\ \f{x)\2 \f{x)\2 



rx\i \r\ \x\i \x\i 

/WI2 



^14 



Hojiaraji r = - — — , mbi nojiy^HM 
Nil 

(4.4) 

\^\i 

PaBCHCTBO (4.2) cjieflycT h3 paBencTB (4.4) 11 (4.1). □ 
Teopeivra 4.18. Uycm-b 

f:Ai^A2 

AUHeuHoe omo6pajtceHue Banaxoeou Di-aAze6pu Ai c HopMou \x\i e 6aHaxoeym 
D2-aAze6py A2 c HopMou \y\2- OmoBpaotceHue f Henpepueno, ecAU ||/|| < 00. 
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/ioKasameAbcmeo. ITocKOJibKy OToGpajKeHHe / jiHHeiiHO, to corjiacHO onpe^ejie- 
HHK) 4.16 

\fix)-f{y)\, = \fix-y)\2<\\f\\ \x-y\, 
BosbMBM npoHSBOjibHoe e > 0. IIojiojkhm S = Ijjjj'- Tor^a ii3 HepaBencTBa 

\x -y\\<5 

cjieflyeT 

|/(x)-/(2/)|2< 11/11 ^ = e 
CorjiacHO onpeflejieHiiio 4.15 OToSpajKeHHC / nenpeptiBHO. □ 

4.3. npoH3BO/i;HaH OTo6pa:>KeHHii ajire6pi>i. 

Onpe/i;ejieHHe 4.19. IlycTb A - 6aHaxoBaH D-ajireGpa. OyHKu,Ha: 

flH4)c|jepeHi];HpyeMa no FaTO na MHOJKecTBe J7 C A, ecjiii b KajKflofi TOHKe x & U 
H3MeHeHHe dpyuKTxwa f MOJKeT 6biTb npeflCTaBjieno b BH^e 

df(x) 

(4.5) fix + a) - fix) = df{x) oa + o(a) = o a + o(a) 

ox 

rfle npoH3Bo;],HaH FaTO dfix) OTo6pa»ceHHH / - jinneHHoe OTo6pa}KeHHe npn- 
pameHHH an o : A A - TaKoe nenpepbiBHoe OTo6pajKeHiie, hto 

, |o(a)| 
lim J-i-F^ = 

a-^O \a\ 

□ 

SaMeuaHue 4.20. CoraacHO onpeflejiennK) 4.19 npn sa^aHHOM x npoHSBOflHaa FaTO 
dfix) G CiA;A). CjieflOBaTejiBHO, npoHSBOflHaa FaTO OToGpajKCHHa / HEjiaeTCs 
OToGpajKeHHCM 

df : A^ CiA;A) 

BBipajKCHHa dfix) II — — HBJIHIOTCH paSHblMH 0603HaHeHHHMH OflHOfl: H TOii JKe 

dfix) 

4)yHKn,HH. Mbi 6yfleM nojiBSOBaTbca o6o3Ha^ieHHeM — - — , ecjiH xothm nofl^epK- 

ox 

HyTb, HTO MM SepeM npoH3B0flHyio FaTO no nepeMeHHOii x. □ 

TeopeMa 4.21. Mu mochccm npedcmaeumt> ;];H4)4)epeHLi;Haji FaTO dfix) o dx 
OTo6pa>KeHHH / e eude^^ 

„^ aft \ ^ fds-ofix) ^ds.ifix)\ ds-ofix) ds.ifix) 

(4.7) dfix) o dx = ® ^— )odx^ ^^^-^^ 

ds- fix) 

BupaoKCHue —^-r: , P = 0, 1, naaueaemcM KOMnoHeHToii npoH3BO/],Hoii 

ox 

FaTO OTo6pa>KeHHH fix). 



^"'^OopiViajltHO, Mbl ^OJIJKHM 3anHCaTb ^H4)4)epeHLl,Hajl 0T06pa>KeHH5I B BH^e 

(4.6) df{x) odx = { ] o Ikodx = (h o dx) 

\ ax ax J ox ox 

OflHaKO, HanpHMep, b TeopiiH (J)yHKLi,nH KOMnjieKCHoro nepeivieHHoro paccMaTpHBaiOTca tojibko 
jiHHeftHbie OTo6pa»ceHHH, nopojKfleHHBie OToSpaaceHHeM Iq o z = z. IlosTOMy npH HsyieHHH npo- 

H3BO.Z],HBIX MBI TaiOKC OrpaHHMHMCH JlHHeHHBie OTo6pa?KeHH5IMH, nOpO?K.I],eHHBIMH OTo5pa>KeHHeM 

Iq. riepexo/], K o6n],eMy cjiyMaio He cocTaBjiaeT oco5oro Tpy;:,a. 
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/(oKaaameAbcmeo. CjieflCTBHe onpeflejieHHH 4.19 h TeopeMbi 3.58. □ 
Hs onpeflejieHHit 3.21, 4.19 h TeopeMbi 4.7 cjie^yeT 

(4.8) df{x) o (m) = rdf{x) o a 

r e R r^O ae A a^O 

KoM6nHHpyH paBeHCTBO (4.8) h onpe^ejienHe 4.19, mbi nojiy^HM snaKOMoe onpe^e- 
jieHHe flH4)4)epeHLi,Hajia FaTO 

(4.9) df{x) o a = ^Jjni^^{t-\f o {x + ta) - fo x)) 

OnpeflejienHH npoHSBOflHoii FaTO (4.5) h (4.9) SKBHBajieHTHbi. Ha ocHOBe stoh 3k- 
BHBajieHTHOCTii MM GyflfiM roBopHTb, HTO OTo6pajKeHHe / flii4)4)epeHLi,iipyeMO no 
FaTO Ha MHO>KecTBe U G D, ecjin b KajKfloft tohkc x G U HSMeneHHe (J)yHKi];HH / 
MOJKeT SbiTb npeflCTaBjieno b Biifle 

(4.10) f o{x + ta) - f ox^ tdfix) oa + o{t) 
Tflfi o : R ^ A - TaKoe nenpepbiBHoe OTo6pa}KeHHe, tto 

t^O \t\ 

TeopeMa 4.22. Uycmb A - Oanaxoean D-aAge6pa. Uycmb e - 6a3uc ajize6pu A 
Had KOAbv^oM D. CTaHflapTHoe npe/i,CTaBJieHHe npoH3BO/i;Hoft FaTO OTo6pa- 

»CeHHH 

f:A^A 

UMeem eud 

(4.11) df{x) = ^^-^ei(»ej 
d^^f(x) 

BupaoKCHue — e paeeHcmee (4.11) HaaueaemcM CTaH/i;apTHOH KOMno- 

ox 

HeHToft npoHSBO^Hoii FaTO OTo6pa»ceHHH /. 

/JoKasameAbcmeo. YTBepjK/ieHHe TeopeMbi HBjiaeTCH cjieflCTBiieM yTBepjKfleHHH (2) 
TeopeMbi 3.58. □ 

TeopeMa 4.23. Uycmb A - Banaxoeasi D-aAze6pa. Uycmb e - aAze6pu A Had 
KOAbv^oM D. Tozda ducl}(f>epeHV,uaA Famo omo6pacHceHUJi 

f : D 



MocucHO aanucamb e eude 

■ dp 

(4.12) df{x) odx = dx^-^ej 



zde dx € A UMCcm paaAOJtccHue 

dx = dx'' e-i dx^ £ D 
omnocumcAbHO 6a3uca e u Mampuii^a Hko6u omo6pajfceHUM f UMcem eud 

/ioKasamcAbcmeo. YTBepsKfleHHe TeopeMbi aBjiaeTca: cjieflCTBiieM TeopeMbi 3.58. 

□ 
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TeopeMa 4.24. Ilycmb A - GanaxoeaH D-aAze6pa. Uycm'b f , g - du(fj(fjepeHv,upy- 
CMue omodpajKCHUH 

f -.A^ A g:A^A 

Omo6pamceHue 

I + g-.A^A 

ducf}(f}epeHV,upyeMO u npouaeodnasi Famo ydoeAemeopsiem coomHomeHum 

(4.14) d{f + g){x)^df{x) + dg{x) 
/^OKaaameAbcmeo. CorjiacHO onpe^ejieHHio (4.9), 

df[x)oa= lim {t-\U + g)o{x + ta)-{f + g)ox)) 
t— >o, te-R 

= lim {t^^{ f o (x + ta) + g o ix + to) — f o x ~ g o x)) 

(4.15) =^ lim^^(t-\/ o (x + to) - / o x)) 

+ lim it'"^ Iq o [x + ta) — q o x)) 

= df{x) o a + dg{x) o a 
PaBencTBO (4.14) cjieflyei h3 paseHCTBa (4.15). □ 
TeopeMa 4.25. Uycrrib A - BanaxoeaR D-aAze6pa. Uycmb 

h : Ax A^ A 

Henpeptienoe 6uAUHeuHoe omo6pajfceHue. Ilycmb f , g - du(fj(fjepeHV,upyeMue omo6- 
paoKeHUH 

f -.A^A g:A^A 

OmoSpaDKCHue 

h{f,g):A->A 

ducfytfjepewnupyeMO u ducj}(fjepeHV,uaA Famo ydoeAemeopjiem coomHomeHuto 

(4.16) dh{f{x),g{x)) odx = h{df{x) o dx,g{x)) + h{f{x),dg{x) o dx) 
/JoKaaameAbcmeo. PaBencTBO (4.16) cjieflyex h3 D;enoHKii paBencTB 

dh{f{x),gix)) o a = lim(t-i (/^(/(.t + ta),g{x + ta)) - /i(/(x), .g(x)))) 

= \iin{t-\h{f{x + ta),g{x + ta)) - h{f{x),g{x + ta)))) 
+ \imit-\h{fix), g{x + ta)) - h{f{x), g{x)))) 
= hi\unt-\f{x + ta)~f{x)),g{x)) 
+ hif{x),\iint-'^{g{x + ta)-g{x))) 
ocHOBaHHOii Ha onpeflejieumi (4.9). □ 

TeopeMa 4.26. Flycmb A - 6aHaxo6asi D-aAze6pa. Ilycmb f , g - du(fj(fjepeHv,upy- 
CMue omoOpacuceHUH 

f -.A^ A g:A^A 
/lu^cjjepeH'nuaA Famo ydoeAcmeopsiem coomHomcHum 

(4.17) dU[x)g[x)) o dx = {df{x) o dx) g{x) + f{x) {dg{x) o dx) 
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floKaaameA'bcmeo. TeopcMa aBjiaeTca cjie^CTBHeM TeopeMbi 4.25 h onpeflejienHH 
3.10. □ 

TeopeMa 4.27. Uycmb A - Banaxoean D-ameBpa. JI^onycmuM npouseodnaji Famo 
omo6pacHceHUM 

f:A^A 

UMeem pasAOdKenue 

(4.18) dm = « 

/^onycmuM npouaeodnaH Famo omoBpajfcenuji g : D ^ D uMcem paaAOMcenue 

«»(^)-^-^ 

npouaeodnan Famo omoOpaoKeHUfi f{x)g{x) UMeem eud 

<"«) ^</<^)'<^» ^ « (^-'W) - (/<^)^) « ^ 

/^2i) ds.of{x)g{x) ^ ds.o.f{x) dt.of{x)g{x) ^ dt.ogjx) 

dx dx dx dx 

22) ^«-i./Wg(-^) ^ ^f±/Mg(a;) 9M/(x)g(a;) ^ c)Mg(a;) 

9a; 9a; 9a; 9a; 

/(oKasameAbcmeo. no;i,CTaBHM (4.18) ii (4.19) b paBencTBO (4.17) 

(4.23) 9(/(a:)g(a:))(a) = 9/(a;)(a) g{x) + f{x) dg{x){a) 

^ s.o9/(a-) ^ .,.i9/(.T) ^^^^ _^ ^^^ y.pdgjx) ^ t idgjx) 
dx dx dx dx 

OnHpaacb na (4.23), mbi onpeflejiaeM paseHCTBa (4.21), (4.22). □ 

TeopeMa 4.28. Flycmb A - BanaxoeaR D-aAze6pa. Ecau npouaeodnaji Famo df{x) 
cyiu,ecmeyem e mouKe x u UMeem KOHCHHyw HopMy, mo omo6paaiceHue f nenpe- 
pUBHO 6 moHKe X. 

/(oKasameAbcmeo. Hs onpeflejieHHH 4.16 cjie^yeT 

(4.24) |9/(a;)oa| < ||9/(x)|| |a| 
Ha (4.5), (4.24) cjieflyeT 

(4.25) 1/(2; + a) -/(a;) I < \a\ \\df{x)\\ 
BosBMeM npoHSBOjiBHoe e > 0. IIojiojkhm 

m{x)\\ 

Tor^a H3 HepaBCHCTBa 

\a\ < S 

cjieflyeT 

\fix + a)-f{x)\ < \\df{x)\\5 = e 
CorjiacHO onpeflejienmo 4.15 OToSpajKeniie / nenpeptiBHO b tohkc x. □ 
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TeopeMa 4.29. Uycmb A - Ganaxoeasi D-aAze6pa. Uycmb omoBpaatceHue 

f:A^A 

du^(fiepeHV,upyeMO no Famo e moHKC x. Tozda 

df{x) o = 

J^oKaaameAbcmeo. Cjie^CTBHe onpeflejieHHa: 4.19 h TeopeMbi 3.24. □ 
TeopeMa 4.30. Uycmb A - Banaxoeasi D-aAze6pa. Uycmb omoBpaMcenue 

f -A^A 

ducf}(fjepeH'u,upyeMO no Famo e moHKe x u iiopMa npouaeodnou Famo omodpaotcenuR 
f KoneuHa 

(4.26) = < oo 
Uycmb omo6paatceHue 

g-.A^A 
du(fi(pepeHij,upyeMO no Famo e moHKC 

(4.27) y = f{x) 

u nopMa npouaeodnou Famo omodpamcenuH g KoneuHa 

(4.28) \\dg{y)\\^G<^ 
OmodpaoKCHue 

{9of){x)=g{f{x)) 
ducfycfjepewUiUpyeMO no Famo e moHKC x 

d{g o f){x) = dg{y) o df{x) 
d{g o f){x) o a = dg{y) o df{x) o a 

dst ojg o f){x) ^ ds-ogifix)) dt.ofjx) 

I, or,N I dx df(x) dx 

^^■'^^> 1 ds t.i{gof){x) ^ dt.ofjx) ds.Mfjx)) 

dx dx df{x) 

/^OKaaamcAbcmeo. CorjiacHO onpe^ejieHHio 4.19 

(4.31) g{y + b) - g{y) = dg{y) ob + oi (b) 
Tflfi oi : A ^ A - TRKoe nenpepbiBHoe OTo6pa>KeHHe, hto 

b-s-0 |6| 

CorjiacHO onpeflejiCHHio 4.19 

(4.32) f{x + a) - fix) = df{x) oa + 02(a) 
Tflfi 02 '■ A ^ A - TaKoe HenpeptiBHoe OTo6pa5KeHHe, hto 

limM^=0 

a-i>0 \a\ 

CorjiacHO (4.32) CMemeniie a SHanenHH x E A npHBO^HT k CMemeHHio 

(4.33) b^df{x)oa + 02{a) 



(4.29) 
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3HaHeHHH y. Mcnojibsya (4.27), (4.33) b paBCHCTBe (4.31), mbi nojiy^HM 

g{f{x + a))-g{f{x)) 
(4.34) ^9{f{x) + df{x) o a + 02(a)) - g{f{x)) 

^dg{f{x)) o {df{x) o a + 02(a)) - oi{df{x) oa + 02(a)) 
CorjiacHO onpe^ejieHHaM 4.19, 3.21 h3 paseHCTBa (4.34) cjie^yeT 
^4 3j.^ 9ifix + a))-ginx)) 

= d9if{x)) °df{x) oa + dg{f{x)) 002(a) - oi{df{x) o a + 02{a)) 
CorjiacHO onpeflejieniiio 4.10 

\dg{f{x)) o 02(a) - oi{df{x) o a + 02(0))] 

^^■^^^ < \dg{f{x))oo2{a)\ \o,{df{x)oa + oM)\ 

~ a^O \a\ a-i-0 \a\ 

H3 (4.28) cjieflycT 

(4.37) lim IW(x)) oo2(a)| < ^ ^ q 

a^O \a\ a-s-0 |a| 

H3 (4.26) cjieflyeT 

lim °°^ + ''2(a))| 

~ lim W r/'' J — ^ ^ ^ / ^ lim 

a-!-o |o/ (a;) o a + 02(a)| a->o 

< lin, M^/(^)°" + »2(a))| j.^ 



|a| 




\oi{df{x) a 


+ 02(a))| 


|a/(a;)oa4 


-02(a)| 


|oi(c'/(a::) oa 


+ 02(a))| 


9/(x) a + 


02(a)|2 


|oi(c)/(a;) oa 


+ 02(a))| 



= lim |„ , , — -r^\\df{x)\\ 



lini(a/(x) oa) +02(a)) = 

a— >0 



CorjiacHO TCopeMe 4.29 
CjieflOBaTejibHO , 

(4.38) ^^\o,{df{x)oa + 02{a))\ 



a^O \a\ 
Ha paseHCTB (4.36), (4.37), (4.38) cjie^yeT 

\dg{f{x)) o 02(a) - oi(9/(x) o g + 02(a))| ^ ^ 
a-^O |a| 
CorjiacHO onpeflejienHio 4.19 

(4.40) (5 o /)(x + a) - (ff o /)(a;) = a(g o f ){x) o a + o(a) 

r^e o : A ^ A - laKoe nenpepHBHoe OTo6pa>KeHHe, hto 

, |o(a)| 
lim J^-r^ = 

a^O \a\ 

PaBeHCTBO (4.29) cjie^yeT h3 (4.35), (4.39), (4.40). 
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Hs paBeHCTBa (4.29) h TeopeMbi 4.21 cjie^yeT 



(4.41) 



dst-ajg ° f){x) ^ dst-ijg ° f){x) 
dx 

ds-og{f{x)) 



(dfix) o a) 



dfix) 
ds-og{f{x)) dt.ofix 



dx 

dsigifix)) 
dfix) 

dt.ifix) d,.Mf{x)) 



dx 



dfix) 



□ 



dfix) dx 
(4.30) cjieflyroT h3 paseHCTBa (4.41). 

4.4. Ta6jiHLi;a npoH3BO/i;Hbix OTo6pa>KeHHft accoLi,HaTHBHOH ajire6pbi. 

TeopeMa 4.31. Ilycmb D - noMHoe KOMMymamueHoe KOAbu,o xapaKmepucmuKU 
0. Uycmb A - accov,uamueHasi D-aAze6pa. Tozda Saji aki6ozo 5 G A 

96 = 

/[oKasameAhcmeo. HenocpeflCTeeHHoe cjieflCTBne onpeflejieHHH 4.19. □ 

TeopeMa 4.32. Uycmb D - noAuoe KOMMymamueHoe KOAti^o xapaKmepucmuKU 
0. Uycmb A - accov^uamueHasi D-ame6pa. Tozda Smji ak}6ux b, c G A 



(4.42) 



dibfix)c) 
dibfix)c) o dx 

ds.obfix)c 

dx 
ds-ibfix)c 

dx 



b dfix) c 
bid fix) o dx)c 

^ ds-ofjx) 
dx 

ds-ifjx) ^ 
dx 



/foKaaameAbcmeo. HenocpeflCTBenHoe cjieflCTBiie paBCHCTB (4.17), (4.21), (4.22), 
TaK KaK db = dc = 0. □ 

TeopeMa 4.33. Uycmb D - uoahoc KOMMymamueHoe KOAbu,o xapaKmepucmuKU 
0. Uycmb A - accou,uamueHasi D-aAze6pa. Tozda dAJi ak}6ux b, c E A 



(4.43) 



dibxc) ~ b ( 
di-obxc 

= 



) c dibxc) o dx = b dx c 
di.ibxc 



□ 



dx dx 
/JoKasamcAbcmeo. CjieflCTBHe TeopeMbi 4.32, Kor^a fix) — x. 

TeopeMa 4.34. Uycmb D - uoahoc KOMMymamueuoe KOAbu,o xapaKmcpucmuKU 
0. Uycmb A - accou^uamuenasi D-aAze6pa. Uycmb f - auhcuhoc omo6pacHceHuc 

f ox = (fls-o ® Os-i) ox = as-o X Os-l 



Tozda 



df = f 



df o dx — f o dx 
floKaaamcAbcmeo. Cjie^CTBHe TeopeM 4.33, 4.24. 



□ 
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CjieflCTBHe 4.35. Ilycmb D - noAHoe KOMMymamueHoe KOAbu,o xapaKmepucmuKU 
0. Uycmb A - accou,uamueHasi D-aAze6pa. Tozda Saji aki6ozo 6 G A 

d(xh -hx) = \®h - h®\ 
d{xb — hx) o dx ~ dx b ~ b dx 

di.Q{xb ~ bx) di.i{xb — bx) 



dx 

d2o{xb — bx) 
dx 



dx 

d2i{xb — bx) 
dx 



□ 



TeopeMa 4.36. Ilycmb D - noAuoe KOMMymamueHoe KOAbi^o xapaKmepucmuKU 
0. Uycmt, A - accoi^uamueHan D-aAze6pa. Tozda^^ 

dx"^ = x®l + l®x 
dx^ o dx = X dx + dx X 

di-ox'^ di.ix^ 



(4.44) 



dx 

d2W 
dx 



dx 

d2-lX^ 

dx 



1 



/J^OKaaameAbcmeo. PaccMOTpiiM npiipamemie 4)yHKn,HH f{x) ~ x^ . 

(4.45) /(x + /i) - !{x) = {x + hY - x'^ = xh + hx + h'^ = xh + hx + o{h) 

(4.44) cjieflycT h3 paeeHCTB (4.7), (4.45). 



□ 



TeopeMa 4.37. Ilycmb D - noAuoe KOMMymamuenoe KOAbu,o xapaKmepucmuKU 
0. Ilycmb A - accou^uamuenaH D-aAze6pa c deACHUCM. Tozda^^ 



(4.46) 



dx 



di.px' 
dx 



— X 



di-ix ^ 
dx 



X 



^^VTBep^KfleHHe TeopeMti aHajiorHMHO npHMepy VIII, [11], c. 451. Ecjih npoiiSBeflenne KOMMy- 
TaTiiBHO, TO paBeHCTBO (4.44) npHHHMaeT bha 

dx^ o dx = 2x dx 
dx^ 
dx 



2x 



^■^yTBep^KfleHHe TeopeMBi anajiorH'^iHO npHMepy IX, [11], c. 451. Ecjih npoH3Be;i,eHHe KOMMyTa- 

THBHO, TO paBCHCTBO (4.46) npHHHMaeT BH^ 

dx~^ o dx = —x~^dx 
dx~^ n 



dx 
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/(oKaaameAticmeo. IIo^CTaBHM f{x) = a; ^ b onpeflejieHHe (4.9). 
df(x)oh^ lim (t''^((x + th)-^ -x~^)) 

= lim (f-'^Ux + thy^ - x^^(x + th)(x + thy^)) 
t— >o, teR 

(4.47) = lim (t^\l~x-\x + th))(x + thy'^) 
= lim {t-'^ {1-1- x-Hh){x + thy^) 

t — > , t^R 

= lim (-x^^hix + thy^) 
t^o, teR 

PaBeHCTBO (4.46) cjiepyei ii3 n.eno'iKH paBCHCTB (4.47). □ 

TeopeMa 4.38. Ilycmb D - noAHoe KOMMymamueHoe KOAbu,o xapaKmepucmuKU 
0. Ilycmb A - accov,uamueHaA D-aAze6pa c deACHueM. Tozda^^ 

d{xax^^) = 1® ax^^ — xax~^ Cg" x~^ 

d{xax^^) o dx — dx ax^^ — xax^^ dx x~^ 

(4.48) { di.QX-' _ ^ ^ ^ _i 

dx dx 

— = -xax — = X 

ox ox 

JJoKasameAbcmeo. PaBCHCTBO (4.48) HBjiaeTCH cjieflCTBHeM paBencTB (4.17), (4.43). 

□ 

5. nPOHSBOflHAH BTOPOrO nOPHflKA OTOBPA>KEHHfl TEJTA 

5.1. npoH3BO/i;HaH BToporo nopH/i,Ka OTo6paMceHHH ajire6pbi. IlycTb D - 
nojiHoe KOMMyTaTHBHoe KOjibD;o xapaKTepiiCTHKJi 0. IlycTb A - accon,HaTHBHas D- 
ajire6pa. IlycTb 

f -.A^A 

4)yHKii,Ha, flHcJxJjepeHi^HpyeMaH no FaTO. Corjiacno saMenanHro 4.20 npoii3BO/i,HaH 
FaTO HBjiHeTCH OTo6pa>KeHHeM 

df:A^ C{A; A) 

CorjiacHO TeopeMe 3.36 h onpeflejienHio 4.16 MHOJKecTBO C{A; A) sBjiHeTCH 6a- 
naxoBoS D-ajireSpoii. CjieflOBaTCJibHO, mm mo^kcm paccMOTpeTb Bonpoc, HBjiaeTca 
jiH OTo6pa}KeHHe df flHcJxJjepeHi^HpyeMbiM no Faio. 
CorjiacHO onpeflejienmo 4.19 

(5.1) {df o {x + 02)) o ai - {df o x) oai = d{df{x) o oi) o 02 + 02(02) 

r^e 02 : A — >■ C{A\ A) - TaKoe nenpepbiBHoe OTo6pa}KeHHe, hto 

lim^=0 



^"^ECJIH npOH3BefleHHe KOMMyTaTIIBHO, TO 



y = xax ^ 



CooTBeTCTBeHHO npon3BOflHa5i o6pamaeTCfl: b 0. 
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CorjiacHO onpeflejiemiio 4.19 OToSpajKCHHe d{d f (x) o ai) o a2 JinneiiHO no nepeMCH- 
Hoii Ha paseHCTBa (5.1) cjieflycT, hto OTo6pa>KeHHe d(df{x) oai)oa2 JinHeimo 
no nepeMennoii ai. CjieflosaTejibno, OTo6pa5KeHHe d{df{x) o ai) 002 6HjiHHeHH0. 

Onpe/];ejieHHe 5.1. nojinjinnennoe OTo6pa}KeHHe 

d'^ f{x) 

(5.2) d'^fix) o (ai; 02) = o (oi; 02) = d{df[x) o oi) o 02 

nasBiBacTca npoH3BOflHoii FaTO BToporo nopH;];Ka OTo6pa:>KeHHH /. □ 

SaMeuaHue 5.2. Corjiacno onpe;i,ejieHHio 5.1 npn saflannoM x nponsBOflnaH Faio 
BToporo nopsflKa d'^f{x) G £(A, A; A). CjieflOBaTejibno, npoH3Bo;];naH FaTO bto- 
poro nopHflKa OToGpajKenna: / HBjiHeTCH OToSpajKenneM 

d^f:A^ CiA,A;A) 

Corjiacno TCopeMe [4]-3.6.4. mbi MOsceM TaK»ce paccMaTpnBaTb OToGpascenne 

d^f{x) o (ai ® 02) = d'^fix) o (fli; 02) 

Torfla 

d'^fix) G C{A®A;A) 

d'^f : A^ C{A(g}A;A) 

Mbi 6yfleM nojibsosaTbCH tcm jkc chmbojiom fljis oGosnanenHH OToSpajKenna, Tax 
KaK no xapaKTepy apryMenia hcho o KaKOM OToGpajKennn n^eT pent. □ 

TeopeMa 5.3. Mu mookcm npedcmaeumt ;];H4)4>epeHLi;Haji FaTO BToporo no- 
pHflKa OTo6pa»ceHHH / e eude 

d f{x)o{ai;a2)= 1 q^2 ^ q^2 ® q^2 ^'^^ ) °(«i;a2) 

(5.3) 

diofjx) , dij{x) .dum 

Mu 6ydeM Haaueamt eupaotceHue '^'^ 

dlj{x) 
^2 P = 0,l,2 

KOMnoHeHTOH npoH3BO/],HOH FaTO BToporo TiopsiffKa OTo6pa>KeHHH f{x). 

□ 

Ho HnflyKn;HH, npe/],nojiaraH, nTO onpeflejiena nponsBOflHaa FaTO d"~^f{x) no- 
pHflKa n — 1, MM onpeflejiHM 

d''f(x) o (ai; ...;a„) = 

^"^■'^ 5-/(0:) 

^' „ o (ai;...;a„) = 5(9" \/(a:) o (ai; a„_i)) o a„ 

npoH3BO/i,Hyio FaTO nopH^Ka n OTo6pa>KeHHH /. Mbi 6y;i,eM laKace nojiaraTB 

d'^fix) = fix). 



^'^Mbi nojiaraeM 

dx-^ dxdx 
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5.2. Ph/], Teiijiopa. IlycTb D - nojiHoe KOMMyTRTHBHoe KOjii>n,o xapaKTepncTHKH 
0. IlycTb A - accoii,HaTHBHaa Z?-ajire6pa. liycib pk{x) - oflHOHjien CTenemi k, fc > 0, 
o;i,HOii nepeMCHHOii na^ D-ajire6poH A. 

OneBH/iHO, HTO oflHOHjien CTencHH hmcct bh/i, oq, ag G A. Jl,Jiz fc > 0, 

rfle flfe e A. ^eftcTBiiTejiBHO, nocjieflHHii MHOJKiiTejib oflHOHjiena Pk{x) HBjiaeTCH 
jih6o ak E a, jih6o HMceT bh^ x', ^ > 1. B nocjieflneM cjiynae mbi nojioJKHM = 1. 
MHOJKHTejib, npeflinecTByiomHH Ofc, HMeeT bh/i, x', ? > 1. Mbi MOJKeM npeflCTaBiiTB 
3TOT MHoacHTejib B BH/i,e J'~^x. CjieflOBaTCjiBHO, yTBepjKfleHHe flOKaaano. 

B nacTHOCTH, oflHOHjien CTenenH 1 HMeeT bh^ pi{x) = ooxoi. 

He HapymaH oSiuhocth, mbi MOiKeM nojiojKHTb k ~ n. 

TeopeMa 5.4. /Jaji npouaeoAbHoao m > cnpaeedAueo paeencmeo 

d"'{f{x)x)o{hv,...;hm) 
= d"^fix) o (/ii; hm)x + d"'-^f{x) o {hi; /i,„_i)/i™ 
+ o (/^T; /^i; + ... 

+ d"'~^f{x) o {hi, /i,„_i; /im)/i,„_i 

gc^e CUM60A h^ oaHauaem omcymcmeue nepeMCHHOu h^ e cnucKe. 
/(oKaaameAbcmeo. ^jih m ~ I - 3to cjieflCTBHC paBencTBa (4.17) 

d{f{x)x) o hi = o hi)x + f{x)hi 

^onycTHM, (5.5) cnpaBCfljiHBO fljiH m — 1. Tor;i,a 

d"^-\f{x)x)o{hi;...;h„,^i) 

; /im-l)a; + 9™"^/(a:) o (/ii; hm-2)hm~l 

; h„i~2': h,n-l)hl + ... 

hm-i)h 



= d"'-^f{x)o{hi;.. 
+ d^-^f{x)o{hi;.. 
+ d'"~^f{x)o{hi;.. 



nojiBsyacb paBBHCTBaMH (4.17) h (4.42) nojiyniiM 



(5.6) 



d"^{f{x)x 


)o{hi 




) 


= d"'f{x) o 


{hi;.. 






+ a'"-i/(a;) 


O (/li 


. . . , hf,i—2j hjji- 


-l)hm 


+ a™-i/(2;) 


O (/li 


. . . , hifi — 2-; hjYi- 


- 1 1 hjYi)hjYi—i 


+ a'"-2/(x) 


O (/li 


. . . , hf,i—2j hjji- 


-i; h,n)hi + 


+ d"'-^f{x) 


O (/li 


(J 


-i; h,n)hm-2 



PaBeHCTBa (5.5) ii (5.6) OTjiH^^aiOTCH tojibko 4)opMOH saniiCH. TeopeMa /lOKasana. 

□ 

TeopeMa 5.5. UpouaeodHasi Famo d'^p„{x) o {hi; ...; hm) neAsiemcfi cuMMem- 

pUHHUM MHOZOHACHOM HO nepeMCHHUM hi, hm- 
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/(oKaaameAbcmeo. fl^Jisi ;i,OKa3aTejiijCTBa TeopeMbi mbi paccMOTpHM ajire6paHHe- 
CKHe CBOiicTBa npoHSBOflHOH FaTO ii fla^HM SKBHBajieHTHoe onpe;i,ejieHiie. Mbi nan- 
HeM c nocTpoeHHH oflHOT^jiena. fljia npoHSBOjiBHoro oflHOHjiena p„ (x) mh nocTpoHM 
CHMMeTpinHbiii MHoroHjieH r„(x') corjiacHO cjiepymniVLM npasHjiaM 

• EcjiH pi{x) = agxai, to ri{xi) = a^xiai 

• Ecmi pn{x) =p„_i(a;)a„, to 

(^1 : ■ • ■ 1 ) — ^n— 1 (-^[1 1 ■ • ■ : ^n— 1 )^n] 

rfle KBaflpaTHbie cko6kh BbipasKaKJT CHMMeTpHsai^iiio BbipajKeHHH no nepe- 

MeHHblM CCl, Xn- 

OneBiiflHO, HTO 

Mbi onpeflejiiiM npoiiSBOflnyio FaTO nopaflxa k corjiacHO npaBUjiy 

(5.7) d^pn{x) o [hi] hk) = r„(/ii, hk,Xk+i, ...,Xn) Xk+i = ... = a;„ = x 

CorjiacHO nocTpoenHio MHoroHjien r„(/ii, /i^, x^+i , x„) CHMMeTpHHCH no ne- 
peMennbiM hi, /ifc, x^+i, x„. CjieflOBaTejibHO, MHoroHjien (5.7) CHMMeTpnnen 
no nepeMeHHbiM hi, /i^. 

Hpn k = 1 MBI flOKajKCM, hto onpeflcjienne (5.7) nponsBOflnon FaTO coBnaflaeT 
c onpeflejienneM (4.5). 

^jiH n ~ 1, riQii) = aohiai. 3to BBipajKenne coBna^aeT c BBipajKcnneM npons- 
Bo;i,HOH FaTO b TeopeMe 4.33. 

HycTB yTBepjKflenne cnpaBCfljinBO fljia n — 1 . CnpaBe^jinBO paBencTBO 

(5.8) r„(/ii ) = rn-i{hi (X2, ...,Xn)hian 

nojiojKHM X2 ~ ■■■ ~ Xn ^ X. CorjiacHO npcflnojiOiKeHHio nHflyKD;HH, ii3 paBencTB 
(5.7), (5.8) cjiepyei 

) = {dpn-i{x) o hi)xan + Pn-i{x)hian 

CorjiacHO TeopeMe 5.4 

rnihi,X2, ...,x„) = dpnix) O hi 

nTO flOKasBiBaeT paBencTBO (5.7) pjisi k = 1. 

^OKasceM Tenepb, ito onpeflejienne (5.7) npoHSBOflnoii FaTO coBna^aeT c onpe- 
;i,ejieHHeM (5.4) j^jisi fc > 1. 

HycTB paBencTBO (5.7) Bepno fljin k — 1. FaccMOTpnM nponsBOjiBnoe cjiaraeMoe 
MHoroHjiena r„(/ii, Xfc, x„). OTOscflecTBjiHH nepeMennbie hi, .... hk-i c 
sjieMeHTaMH lejia D, mbi paccMOTpiiM MnoroHjien 

(5.9) R„-k{xk,:;Xn) = rn{hi,...,hk-l,Xk,:;Xn) 
FIOJIOJKHM Pn-kix) = Rn-k{Xk, ■■■,Xn), Xk ~ ... — X„ = X. CjieflOBaTejIBHO 

P„_fc(x) = d^^^pn{x) o {hi, hk-i) 
CorjiacHO onpeflejiennio (5.4) nponsBOflnoii Faio 

dPn-k{x) o hk = d{d''^^pn{x) o {hi; hk^i)) o hk 

(5.10) 

= d^pn{x) o {hi; ...; hk-i;hk) 
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CorjiacHO onpeflejienHio npoiiSBOflHoii FaTO (5.7) 

(5.11) dPn-k{x) ohk^ Rn-k{hk,Xk+l,:;Xn) Xk+l = ■■■ ^ Xn = X 

CorjiacHO onpeflejienHio (5.9), h3 paBCHCTBa (5.11) cjieflyei 

(5.12) dPn-k{x){hk) ^ rn{hi, ...,hk,Xk+l, ■■■,Xn) Xk+l = Xn = x 

Ha cpaBHeHHs paBencTB (5.10) h (5.12) cjie^yeT 



d''pn{x){hi; ...;hk) = r„(/ii, /i^, Xfe+i, a;„) Xk+i = Xn = x 



CjieflOBaTCjiBHO paBencTO (5.7) Bepno ^jih jiio6bix fc h n. 



yTBepjKflCHHe TeopcMbi flOKasano. 



□ 




/(oKaaameAbcmeo. TaK Kax ^0(2;) = do, Oq G D, to npn n ~ TeopeMa HBjiHeTCH 
cjieflCTBHCM TeopeMbi 4.31. IlycTb yTBepjKfleHHe TeopeMbi Bepno fljia: n— 1. Corjiacno 
TeopcMe 5.4 npn ycjiOBHH f{x) ~ p„_i(x) mh HMeeM 



TeopeMa 5.7. Ecau m < n, mo cnpaeedAueo paeeHcmeo 

9>„(0) = 

JJoKasameAbcmeo. JXnsi n ~ 1 cnpaBCfljiiiBO paBencTBO 

9°pi(0) = GQxai = 
/^onycTHM, yTBepjK^eHHe cnpaBe;];jiiiBO ^jih n — 1. Tor^a corjiacHO TeopcMe 5.4 
d"^{pn-i{x)xa„)ihi; h„i) 
=9™p„-i(a;)(/ii; hm)xan + d™-^^pn-i{x){hi; hm-i)hman 
+d"'~^Pn-iix){hi; /i^-i; /i™)/iia„ + ... 

+9"'"Vn-i(a;)(^i; /im-i; /im)/i 

ITepBoe cjiaraeMoe paBHO Tax KaK x = 0. TaK KaK m — 1 < n — 1, to ocTajibHbie 
cjiaraeMbie paBHbi corjiacno npeflnojiojKenHio HHflyKLi,HH. YTBepac^eHHe TeopeMbi 
flOKaaano. □ 

ECJIH hi = ... = hn ~ h, TO MM nOJIO>KHM 



Bia aanHCb ne 6yfleT npHBOflHTb k HeoflHOsnaHHOCTH, TaK KaK no nncjiy apryMCHTOB 
HCHO, o KaKoii (JaynKi^HH H^eT pent. 



d"^'^Pn{x){hi; hn+i) =a"+^(p„_i(x)a;a„)(/ii; hn+i) 



=9"+Vn-l(2;)(/li; hm)xan 

+d''pn-i{x){hi; ...■,h„i-i)h 
+a>„_i(x)(/ii;.. )/iia„ + ... 

+9"-V-i(a;)(/ii;. 



CorjiacHO npeflnojiojKenHro HHflyKLi,HH Bce o;i,HOHjieHbi paBHbi 0. 



□ 



a"/(^)°/i = 5"/(^)°(^i;-;/in) 
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TeopeMa 5.8. /I^Afi npouaeoAbHoao n > cnpaeedAueo paeeHcmeo 

d'^Pnix) o h ^ n\pn{h) 
JJoKasameAbcmeo. ^jih n ~ 1 cnpasefljiHEO paBencTBO 

dpi{x) o h = d{aQxai) o h ^ aghai = l\pi(h) 
flonycTHM, yTBep}K;i,eHiie cnpaBefljiHBO ^jih n — 1. Tor^a corjiacHO leopeMe 5.4 

d''pn{x) oh = (9"p„_i(a;) o h)xan + {d'^^^Pn-iix) o h)han 

(5.13) 

+ ... + (9" '-pn-iix) o h)han 

IlepBoe cjiaraeMoe pasHO corjiacHO leopeMe 5.6. OcTajibHbie n cjiaracMBix paBHbi, 
H corjiacHO npeflnojiojKeHHio HHflyKii,HH h3 paBencTBa (5.13) cjie^yeT 

d^'Pnix) oh^ 7i(a""Vn-i(a^) o h)han = n{n - l)!p„_i (/i)/ia„ = n\p„{h) 

CjieflOBaTejiBHO, yTBepjKfleHHe TeopeMbi Bepno fljia jiio6oro n. □ 

IlycTb p{x) - MHOroHjieH CTenemi n.^^ 

p{x) = Po+PUi{x) + ... +Pni„ix) 

Mbi npeflnojiaraeM cyMMy no HH^eKcy i^, KOTopbiii HyMepyeT cjiaraeMbie CTcnenH 
k. CorjiacHO leopeMaM 5.6, 5.7, 5.8 

9V(0)o(/ii;...;/ife) = fc!pfc,Jx) 

CjieflOBaTCjiBHO, mbi MOJKeM saniicaTB 

p{x) =po + {ll)-^dp{0) OX+ (2!)-ia2p(0) OX + ... + (n!)-iaXO) o x 

3to npeflCTaBjieniie MHoroHjiena nasbiBaeTca cJjopMyjioii Teftjiopa /i;jih mhofo- 

HJiena. Ecjih paccMOTpeTb saMeny nepeMenHBix x = y — yo, to paccMOTpenHoe 
nocTpoeHHe ocTaeTCH BepnbiM fljia MHoroijiena 

p{y) =Po +pin{y - yo) + ■■■+PniAy - vo) 

OTKy^a cjieflyeT 

p(2/) =Po+(l!)"'<9p(yo)o(y-2/o) + (2!)-^a2p(2/o)°(2/-yo)+...+(ri!)-'aX2/o)°(2/-yo) 
IIpeflnojiojKHM, HTO 4>yHKn,Ha f{x) b tohkb xq ;;H4)4)epeHLi;iipyeMa b cmbicjic 
FaTO pp jiio6oro nopa^Ka.^^ 

TeopeMa 5.9. Ecau Sasi (f>yHKii,uu f{x) eunoAHJiemcji ycAoeue 

f{xo) = df{xo) oh = ...= a"/(xo) o /i = 

mo npu t — > eupaotcenue f{x + th) sieAfiemcsi BecKOHCHHO MaAou nopsidKa eume 
n no cpaeHCHum c t 

f{xo + th) = o(t") 



^^51 paccMaTpHBaio <|)OpMyjiy Tefijiopa flJiH MHoro'^iJieHa no anajiorHH c nocTpoeHHCM <|)OpMyjii>i 
Tefijiopa B [9], c. 246. 

^^51 paccMaTpHBaio nocTpocHHe pa^a TeiiJiopa no anajiornn c nocTpoenneM pa^a Tenjiopa b 
[9], c. 248, 249. 
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/^OKaaameAbcmeo. Hpn n = \ sto yTBepjKflemie cjieflyei h3 paseHCTBa (4.10). 
IlycTb yTBepjKflCHHe cnpaeefljiHEO fljis n — 1 . OToBpajKeniia: 

h{x)^df{x)oh 

BbinOJIHHeTCH yCJIOBHC 

/i(^o) = 5/i(a;o) o = ... = a^-^il^o) o = 
CorjiacHO npeflnojio»:eHiiio HH/i,yKii,HH 

/i(xo+t/i)=o(t"-i) 
Torfla paBencTBO (4.9) npHMeT bh/i, 

o(t"-i)= lim (t-^f(x + th)) 

C jieflOBaTCjiBHO , 

fix + th) = o(t") 

□ 

CoCTaBHM MHOrOHJieH 

p{x) = /(a;o) + (l!)-i9/(xo) o (a; - xq) + ... + (7i!)-i9"/(xo) o (a; - xo) 
CorjiacHO TCopeMe 5.9 

/(xo + t[x - xo)) - p{xo + t{x - xq)) = o{t") 
CjieflOBaTCjiBHO, hojiuhom p{x) HBjiHeTCH xopomeii anpoKCHMan,HeH OTo6pa>KeHHH 
/(^)- 

EcjiH OToGpajKeHHe f{x) nmeeT npoHSBOflHyio FaTO jiK)6oro uopsffKa, to nepe- 
xo^ K npeflejiy n — > oo, mbi nojiyHHM pasjiojKeHHe b pafl 



f{x) = J2i^'r'd''f{xo)o{x~xo) 



KOTopbiH HasbiBaeTCH pHflOM TeSjiopa. 

5.3. HHTerpaji. HoHiiTiie HHTerpajia iimcct pasHbie acneKTBi. B stom pas^ejie mbi 
paccMOTpHM HHTerpiipoBaHHe, KaK onepaLi,Hio, o6paTHyio flii4)4)epeHLi,HpoBaHiiK). 
IIo cyTH ^ejia, mbi paccMOTpHM npoLi;eflypy peineHiiH o6BiKHOBeHHoro ^H4)4)epeH- 
Li,HajiBHoro ypaBHeHHJi 

df{x) oh = F{x- h) 

ITpHMep 5.10. 51 HaHHy c npHMepa flH4)(J)epeHD,HajiBHoro ypaBHCHiiH na;; nojieM 

fleflCTBHTejIBHfclX HHCejI. 

(5.14) y' = 3a;2 

(5.15) a;o = yo = 

nocjieflOBaTejiBHOflH4)4)epeHLi,Hpys paBencTBO (5.14), mbi nojiynaeM iienoHKy ypaB- 

HCHHii 

(5.16) y" = Qx 

(5.17) y'" = 6 

(5.18) =0 n > 3 
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Ha ypaBHeHHH (5.14), (5.15), (5.16), (5.17), (5.18) cjiepyeT pasjiojKeHHe b pjifl Teit- 
jiopa 

a 

IIpHMep 5.11. PaccMOTpHM anajiorHHHoe flH(J)4)epeHn,iiajibHoe ypaBneHHe na;; aji- 
re6poH 

(5.19) dy = l(S)x'^+x®x + x^(gil 

(5.20) yo = 

HocjieflOBaTejibHO ;i,H4)<J)epeHii,Hpya: paseHCTBO (5.19), mbi nojiynaeM D,enoHKy ypas- 
HeHHii 



(5.21) 



(5.22) 



d'^y= 1 (8)1 1 (8)2 X + 1 (8)1 a; 02 1 + 1 (8)2 1 (Xii a: 
+a: (8i 1 (82 1 + 1 <82 x 8)1 1 + a; (82 1 8)1 1 

d^y= 1 8)1 1 8)2 1 8)3 1 + 1 01 1 03 1 «'2 1 + 1 8)2 1 8)1 1 1 

+ 1 8)3 1 ®1 1 ®2 1 + 1 «)2 1 ®3 1 ®1 1 + 1 «)3 1 «)2 1 01 1 



(5.23) a"?; = n > 3 

Ha ypaBHeHHii (5.19), (5.20), (5.21), (5.22). (5.23) cjie^yeT paajiojKeHHe b pa^ Teii- 
jiopa 



y = x^ 



□ 



SaMeuanue 5.12. 51 aaniicbiBaio cjie;];yiOLLi,iie paBCHCTBa fljia Toro, hto6ijI noKaaaTb 
KaK paGoTacT npoHSBOflnaa;. 

dy o h ~ hx^ + xhx + x^h 
d^y o [hi; /12) = hih-zx + hixh2 + h2hix 
+ xhih2 + h2xhi + a;/i2^i 
o (/ii; /12; /13) = /^l/l2/^3 + /il/^3^2 + hihihy, 
+ h^hih2 + h2hzhi + /13/12/11 

□ 

SuMenaHue 5.13. ^H4)4)epeHn,HajiBHoe ypaBHCHiie 

(5.24) ay = 3 (8 a;^ 

(5.25) a;o = yo = 

TaK }Ke npHBOflHT K peineHHK) y = x^ . O^ieBHflHO, hto sto OTo6pajKeHHe ne yflOBjie- 
TBopaeT ;i,ii4)4)epeHLi;HajibHOMy ypaBHCHHio. OflnaKO, BonpcKH TeopeMe 5.5 BTopaa 
npoHSBOflHaa ne HBjiaeTCH CHMMeTpHHHbiM MHoroHjienoM. 3to roBopHT o tom, ^ito 
ypaBHeHHe (5.24) ne hmcct pemeHiiii. □ 
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IIpHMep 5.14. OneEHflHO, ecjiH (|)yHKi],HH yflOBjieTBopaeT flH(|)(J)epeHn,HajibHOMy 
ypaBHemiK) 

(5.26) dy^fs.o®fs-i 

fs-o e A fs-i e A 

TO BTopaa npoiiSBOflHaa FaTO 

d^fix) = 

CjieflOBaTCjiBHO, ecjiH 3a/i,aHO Hai^ajibHoe ycjiOBHe y(0) = 0, to flH4)4)epeHn,HajibHoe 
ypaBHemie (5.26) HMeeT peineHHe 

y = fs-a X fs-i 

□ 

5.4. 3KcnoHeHTa. B stom pasflejie mbi paccMOTpHM Oflny h3 bosmojkhbix MOflejieii 
nocTpoenHH SKcnoneHTbi. 

B nojie MBi MOJKeM onpeflejinTb SKcnoHCHTy KaK peineHHe flH(|34)epeHii,HajibHoro 
ypaBHeHHH 

(5.27) y' = y 

OHeBHflHO, HTO Mbi HC MOJKeM saHHcaTB noflo6Hoe ypaBHCHHH fljiH Tejia. 0;i,HaKO 
MM MOiKeM BOcnojibsOBaTBCH paBencTBOM 

(5.28) d{y)oh^y'h 
Ha ypaBHeHHH (5.27), (5.28) cjie^yeT 

(5.29) d{y)oh = yh 

9to ypaBHCHHe y^Ke Gjih^kc k Haniefi n,ejiH, oflnaKO ocTaeTCH otrpbitbim Bonpoc b 

KaKOM HOpHflKe Mbl flOJIiKHbl HepeMHOJKaTB y H h. HtO 6bl OTBeTHTb Ha 3T0T BOHpOC, 
Mbl H3MeHHM SaHHCb ypaBHeHHs 

(5.30) d{y)oh^^iyh + hy) 

CjieflOBaTejibHO, nama saflana - pemHTb flH4)4)epeHH,HajibHoe ypaBHenne (5.30) npn 
HanajibHOM ycjiOBHH 2/(0) = 1. 

^jiH cjDopMyjiHpoBKH H flOKasaTejibCTBa TeopeMbi 5.15 H BBe^y cjieflyiomee o6o- 
SHaHCHHe. IlycTb 

y hi ... hn 

y<^{y) Cr(/li) ... a{hn)^ 

HepecTaHOBKa KopTesKa nepeMennbix 



[y hi ... hr, 

0603HaHHM Pa{hi) H03Hn;HI0, KOTOpyiO SaHHMaCT HepeMCHHaH hi B KOpTCJKe 

{a{y) a{hi) ... cr(/i„)) 
HanpHMep, ecjiH nepecTanoBKa a HMeeT bh/i, 

y hi /i2 hs ' 
,h2 y hs hi 
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TO cjieflyiomHe KopTejKH pasHbi 



((T(y) a{hi) a{h2) (T{h3)j — (^/i2 y /13 /ii) 

= (p<t(/i2) Pa(2/) Pa(/i3) P<t(/ii) 



TeopeMa 5.15. UpouaeodHasi Famo nopndKa n (fjyHKV,uu y, ydoeAemeopjimineu 
ducl}(f>epeHii,uaAbHOMy ypaeneHum (5.30) UMeem eud 

(5.31) a"(2/) o (/ii, K) = ^ J2 ^{yMhi)-^{K) 

(T 

zde cyMMa eunoAHena no nepecmaHoeKaM 

y hi ... hn 

MHOotcecmea nepeMCHHUxy, hi, hn. UepecmaHoeKa a o6Aadaem CAedymvuuMU 
ceoiicmeaMU 

(1) EcAU cymecmeymm i, j , i ^ j , maKue, umo Pa{hi) pacnoAazaemcji e npo- 
uaeedenuu (5.31) Aceee Pa-{hj) u p„{hj) pacnoAazaemcsi Aeeee Pa{y), mo 
i < j. 

(2) EcAU cymecmeymm i, j , i ^ j , maKue, umo Pa{hi) pacnoAaeaemcji e npo- 
useedenuu (5.31) npaeee p^{hj) upa{hj) pacnoAazaemcsi npaeee p„{y), mo 
i > j. 

/[oKaaameAbcmeo. Mbi flOKajKCM 3to yTBepsKflCHHe HHflyKi^Heii. ^jih n = 1 yxBep- 
jKflCHHe BepHO, TEK KRK 3TO fliKjxJjepeHi^HajiBHoe ypaBHeHHe (5.30). IlycTb yTBep- 
xcfleHHe BepHO ajih n ~ k — 1. CjieflOBaTejibHO 

(5.32) d''-\y) o {hi, hk^i) = ^ E ^{y)^{hi):Ahk-i) 

cr 

vpfi cyMMa BbinojiHena no nepecTanoBKaM 

(y hi ... hk-i 

a{y) a{hi) ... a{hk-i) ^ 

MHOJKecTBa nepeMeHHbix y, hi, HepecTaHOBKa a y;i,OBjieTBopa:eT ycjiOBHHM 

(1), (2). ccjDopMyjiHpoBaHHBiM B TeopeMC. CorjiacHO onpeflCJienHK) (5.4) npoHSBOfl- 
Haa FaTo' nopndKa k iiMeei bh/i, 

d'^{y)o{hi,...,hk) = d{d'^-\y)o{hi,...,hk-i))ohu 

(5.33) 

= 2k- 

H3 paBencTB (5.30), (5.33) cjieflycT 
a'=(y) o {hi,...,hk) 



fc~T^ |^^cr(?/)cr(/li)...cr(/lfe_i 



) o hk 



(5.34) 



^\iYl <^{yhk)cr{hi)...(j{hk-i) + ^ (T{hky)<T{hi)...a{hk-i] 

\ <7 a 
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HeTpy^HO BHfleTb, hto npoiiSBOJibHaH nepecTanoBKa a h3 cyMMbi (5.34) nopo}K/i,aeT 
;i,Be nepecTanoBKH 



V hi 
Ti{y) Ti{hi) . 

hkV hi 
(^{hky) cr{hi) 
y hi 

T2{y) T2{hl) . 

yhk hi 
o-{yhk) o-{hi) 
Ha (5.34) H (5.35) cjie^yeT 

d''{y)o{hi,...,hk) 



(5.35) 

T2 




lj:(^^Ti{y)Ti{hi)...Ti{hk-i)Ti{hk) 



(5-36) 

+ y^^T2{y)T2{hi)...T2{hk-l)T2{hk) 

T2 / 

B BbipajKeHHH (5.36) Pnihk) sanHcano nenocpeflCTBeHHO nepe^ Pniy)- Tax xaK k 
- caMoe 6ojibmoe SHaneHHe HH^eKca, to nepecTanoBKa ti yflOBjieTBopaeT ycjiOBHHM 
(1), (2), ccJjopMyjiHpoBaHHbiM B TeopeMe. B BbipajKenHH (5.36) pr^ihk) sanHcano 
HenocpeflCTBCHHO nocjie Pr^iy)- TaK KaK k - caMoe SojiBinoe SHaneHHe HH^eKca, to 
nepecTanoBKa r2 y^OBjieTBopaeT ycjiOBHHM (1). (2), c(|)opMyjiHpoBaHHbiM b TeopeMe. 

HaM ocTajiocb noKaaaTb, hto b Bbipa>KeHHH (5.36) nepeHHCjienbi Bce nepecTa- 
HOBKH T, y^OBjieTBopHiomHe ycjiOBHHM (1), (2), ccjDopMyjiHpoBaHHbiM B TeopeMe. 
TaK KaK k - caMbiii Gojibinoii HH^eKC, to corjiacHO ycjiOBHHM (1), (2), ccjjopMyjiiipo- 
BaHHbiM B TeopeMe, T{hk) sanHcano HenocpeflCTseHHO nepe;; hjih nenocpe^CTBeHHO 
nocjie T(y). CjieflOBaTejibHO, jiio6aH nepecTanoBKa r HMeeT jih6o bh/i, ti, jih6o bh/i, 
T2- Hojibsyacb paBencTBOM (5.35), mm MO»ceM ^jih 3a/i;aHHOii nepecTanoBKH r naiiTH 
cooTBeTCTByiomyK) nepecTanoBxy a. Cjie^OBaTejibHO, yTBepjKfleHHe TeopeMbi Bepno 
pjLii n = k. TeopeMa flOKasana. □ 

TeopeMa 5.16. PemenueM ducpcjiepeH'nuaAbHogo ypaeneHusi (5.30) npu HanaAbHOM 
ycAoeuu y{0) ~ 1 jieAJiemcM SKcnoneHma y ~ Komopaji UMeem CAedymmee 
paaAOOKCHue e psid TeuAopa 

oo 

(5.37) e^ = J2 

JJoKasameAbcmeo. ITpoHSBOflHaH Faio nopaflKa n coflepjKHT 2" cjiaraeMbix. flfivi- 
CTBHTejibHO, npoiiSBOflHaa Faio nopHflKa 1 coflepjKHT 2 cjiaraeMbix, h KajKfloe flHcJ)- 
4)epeHn,HpoBaHHe yBejiH^HBaeT hhcjio cjiaraeMbix B^Boe. Ha HanajibHoro ycjiOBHs 
y{0) = 1 H TeopeMbi 5.15 cjie^yeT, hto npoiiSBOflHaa FaTO nopH/i,Ka n iickomopo 
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peineHHa HMecT bh^ 

(5.38) d"{0)o{h,...,h)^l 

Ha paseHCTBa (5.38) cjie^yeT pasjiojKeHiie (5.37). b pa/i, Teiijiopa. □ 
TeopeMa 5.17. PaeeHcmeo 

(5.39) e"+^ = e°e'' 
cnpaeedAueo mozda u moMbKO mozda, Kozda 

(5.40) ah = ba 

JJoKaaameAbcmeo. /tjiH ;i,OKa3aTejibCTBa TeopcMbi floCTaTOHHO paccMOTpeTb psiffa 
Teiijiopa 

(5.41) e'^ = J2 

n=0 

OO 

(5.42) ^" = ^-6" 



1 



(5.43) e"+^ = ^-(a + 6)" 

n=0 

IlepeMHOJKiiM BBipajKeHHH (5.41) H (5.42). CyMMa oflHOHjienoB nopaflKa 3 HMeeT 

BHfl 

(5.44) -a^ + -a^b + -ab^ + -b^ 
^ ' 6 2 2 6 

H He coBnaflaeT, BOo6iii;e roBopa, c BbipajKeHHCM 

(5.45) -{a + b)^ = -a^ + -a'^b + -aba + -ba'^ + -ab'^ + -bab + -b'^a + -b^ 
6 66666666 

floKaaaTejiBCTBO yTBepjK;];eHHa, hto (5.39) cjie^yeT h3 (5.40) TpHBHajibHO. □ 

Cmhcji TeopeMbi 5.17 CTanoBHTCH acnee, ecjiH mbi BcnoMHHM, hto cymecTByei 
;i,Be MOflejiH nocTpoenHH SKcnoHeHTbi. IlepBaH MOflejib - sto pemeHHe flH4)4)epeHLi,H- 
ajiBHoro ypaBHenHH (5.30). Biopaa - sto HsyneHHC oflHonapaMeTpHHecKoii rpynnti 
npeoGpaaoBaHHii. B cjiy^ae nojia o6e MO^ejiH npHBO^HT k oflHoii h toh jkc cjjyHK- 
D,HH. 51 He Mory SToro yTBepjKflaTb ceiiHac b o6m,eM cjiynae. 3to Bonpoc OTflejibHoro 
HCCjieflOBaHHs. Ho ecjin bchomhhtb, hto KBaxepHHOH HBjiaeTCH anajioroM npeo6pa- 
soBaHHH TpexMepHoro npocTpancTBa, to yTBepjKflenHe TeopeMbi CTanoBHTCs one- 

BH/lHblM. 
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8. CnELi;HAJIbHbIE CHMBOJTH H 0B03HAHEHHH 



(a, b, c) accou,HaTop ij-ajire5pbi 9 
[a, b] KOMMyTaTop ij-ajire5pbi 9 

A* ajire6pa, npoTHBonojiojKHaH ajire6pe A 
8 

{A2 A2) o f op6HTa jHiHeiiHoro 
OToSpajKeHHH 24 

^%i_...rn cTaH^apTHaa KOMnoHeHTa TCHSopa 
B TCHSopHOM npon3BefleHHn ajire6p 19 

A®" TeHSopnaH CTenenb ajire5pbi A 17 
A\ (g) ... ® An TeH3opHoe npoH3BefleHHe 
anre6p 17 

C^j CTpyKTypHbie KOHCTaHTbi ajire5pbi A 

Hafl KOJIbLl,OM D 10 

ds-pf{x) 



dx 



KOMnoHeHTa npoHSBOflHOH FaTO 



OTo6pa}KeHHH f{x) ajire6pbi 34 

— — KOMnoHeHTa npOHSBOflHOH 1 aTO 

BToporo nopH.z],Ka OTo6pa:>KeHHH f{x) 

ajire6pbi 43 
df{x) npoHSBOflHaa FaTO OTo5pa»ceHHa / 

ajire6pbi 34 
df(x) 



dx 
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ajire6pbi 34 

9"/(a;) npoHSBOflHaa FaTO nopaflKa n 

OTo6pa>KeHHH / ajire6pbi 43 

d^fjx) ^ 
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dx" 

OTo5pajKeHHH / anre6pbi 43 
f(x) npoHSBOflHaa FaTO BToporo 



nopH^Ka OTo6pa?KeHHH / ajire6pbi 43 



dx"^ 



npoHSBOflHaa FaTO BToporo 



C{A\\ A2) MHOJKeCTBO JlHHeHHblX 

OTo6pa>KeHHH anre6pbi Ai b ajire6py 
A2 11 

C{A"]S) MHO>KeCTBO n-JIUHeHHblX 

OTo6pa?KeHHH anre6pbi A b MOflyjib S 
12 

C{A-l ^ . . . ^ Aji] S) MHOJKeCTBO 

nojiHjiHHeHHbix OTo6pa»ceHHfl ajire6p 

A-l, An B MOflyjIb 5 12 

N{A) Hflpo _R-ajire6pbi A 10 
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f(x) o (ai; (12) AH4)45epeHn;Han FaTO 
BToporo HopHflKa OTo6pa:>KeHH5i / 
anre6pbi 43 



d''f{x) 

dx 



CTaHflapTHasi KOMnoHCHTa 



npon3BO^HOH FaTO OTo6payKeHH5i / 35 



11/11 Hopivia OTo6pa?KeHHH b Z)-ajire6py 33 



lim an npefleji nocjie^OBaTejiBHOCTH b 

HOpMHpOBaHHOM KOJlI>LI,e 31 
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